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Introduction.—The interpretation of observed elastic wave velocities in 
the rocks of the earth’s crust is our principal basis for inferring its structure 
at inaccessible depths. Such interpretation requires a knowledge of the 
elastic moduli characteristic of typical rocks.when subjected to the minute 
alternating stresses produced by earthquake or explosion waves. The 
most important of the elastic constants is the extensional stress-strain ratio, 
known as Young’s modulus. 

Laboratory studies of Young’s modulus in rocks have been published by 
Nagaoka,' Kusakabe,? Adams and Coker*® and more recently by Zisman.‘ 
The results of these studies are extremely discordant. For example, values 
of elasticity reported for granite vary from 1 X 10" dynes/cm.? to 6 X 10 
dynes/cm.”. Some of this discordance is shown by Zisman to be due to the 
fact that statically determined values of the modulus vary markedly with 
the stress at which they are measured. Thus the elasticity of a sample of 
surface granite increases from 2.39 X 10'! dynes/cm.? at a mean stress of 
2.8 kg./cm.? to 4.73 X 10! dynes/cm.? at a stress of 78.4 kg./em.”. Most 
of this variation with stress is attributed to minute cracks and cavities in 
the rock, which increase its yielding until they are closed by the higher 
stresses. 

This uncertainty inherent in all static methods raises the question of how 
accurately the seismically effective value of the elastic modulus can be ob- 
tained by such measurements. The present research is an attempt to 
answer the question by using a dynamic method to measure Young’s modu- 
lus of a wide range of typical rocks, for which static data are also available. 
Such a method should yield the value of the modulus which is effective in 
the propagation of vibrations in rock structures. The conditions of geo- 
physical problems are closely approximated if the rock sample is set into 
vibration and Young’s modulus is computed from a measurement of its 
natural period. 
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This type of measurement was attempted by Kusakabe' in 1904. He 
tapped a clamped sample with a hammer, and observed the vibrations im- 
parted to a wire stretched over the free end of the rock. He reported re- 
sults for 158 samples. His method, while ingenious, is crude by present 
standards, and subject to numerous sources of error. These measurements 
have some bearing on the problem of the present paper, because many of 
Kusakabe’s specimens were previously measured statically by Nagaoka. 
A comparison of their results will be made in a later paragraph. More 
recent dynamic measurements® of Young’s modulus in rock samples are 
too limited in scope to permit gene:alization. 

The advantages inherent in dynamic methods make it highly desirable 
to use such a method in a study as comprehensive as those which have been 
made with static testing equipment. The systematic study by Zisman, 
previously referred to, is the best and most recent of the latter. The speci- 
mens measured by him were made available for the present investigation 
through the courtesy of the Harvard Committee on Geophysical Research. 
Thus we are in a position to make a direct comparison between the results 
of dynamic and static methods applied to the same set of rock samples. 

A detailed description of the dynamic method employed in this research 
appeared in the Review of Scientific Instruments, October, 1935. The 
rock specimens, in the form of cylindrical rods, were set into vibration by 
electrostatic traction, the fundamental longitudinal resonance frequency 
determined, and Young’s modulus computed therefrom. 

The technique of measurement is briefly described as follows: the speci- 
men, with metal foil cemented to its lower end, is placed upright on a thick 
steel disc. The foil and steel surfaces are separated by a thin sheet of mica. 
An alternating voltage of variable frequency is applied across the electrical 
condenser thus formed. When the frequency of the voltage resonates with 
the natural longitudinal frequency of the specimen, the latter vibrates with 
increased amplitude, and radiates sound. This is detected by ear or by a 
piezo-electric crystal receiver. The method is simple and rapid, and ac- 
curate within a few tenths of a per cent. 

Description of Specimens—The samples comprise a series of accurately 
ground rock cylinders, 5.08 cm. in diameter and 25 cm. long, measured by 
Zisman for Young’s modulus and Poisson’s ratio; and a set of smaller cyl- 
inders, 1.59 cm. in diameter and 20 cm. long, measured by him for linear 
compressibilities’ as a function of hydrostatic pressure up to 700 kg./cm.’. 
Two of his specimens, Sudbury norite No. 3 and No. 4, were 2.84 cm. in 
diameter and 20 cm. long. As far as practicable a large and a small cyl- 
inder was cut from each block of rock, along each of three mutually per- 
pendicular axes, in order to study variation of elastic properties with direc- 
tion. Several additional rock samples were measured for which Zisman 
records no static data. 
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These additional rocks, with a few exceptions, are uniform in shape and 
size with one or the other of the series reported on by Zisman. The ex- 
ceptions are (1) a set of eleven additional cores of Sudbury norite, 2.84 cm. 
in diameter and 16-21 cm. long, which are included, in order to test the 
elastic uniformity of this rock, and (2) a set of six marble bars of square 
cross-section, 5 cm. on a side and 32.4 cm. long, obtained through the 
courtesy of the Vermont Marble Company. These are included in order 
to show the range of elasticity among marble samples of widely different 
type and appearance. 

A description of most of the rocks studied here, based upon petrographic 
examinations, appears in Zisman’s papers. Additional mineralogical data 
on the granite from Quincy and Rockport, Massachusetts, and on the no- 
rite from Sudbury, Ontario, are given in papers by L. D. Leet. To these 
we add brief notes on the mineralogy of the Pennsylvania slate and dolo- 
mite, Mt. Holyoke trap, Solenhofen limestone and the additional marble 
samples. 

Slate, Pennsylvania: This dark gray rock, a well lithified argillite, comes 
from approximately 40° 45’ N. Lat., 75° 24’ W. Long., Wind Gap topo- 
graphic sheet. Slaty cleavage is poorly developed, and the structure is 
massive, with obscure traces of bedding. 

Dolomite, Bethlehem, Pennsylvania: To Zisman’s description® of this rock 
we add a partial chemical analysis by Mr. F. A. Gonyer of the Harvard 
Mineralogical Museum. In volume percentages: CaCO; 53.01 per cent; 
MgCO; 44.46 per cent; RO; (chiefly Fe,0;) 0.88 per cent. The total of 
these constituents is 98.35 per cent. 

Mt. Holyoke Trap, Westfield, Massachusetts: This rock is composed 
chiefly of labradorite feldspar in thin tabular grains averaging 0.5 mm. and 
ranging to 2 mm. in maximum dimension; and augite in subhedral grains 
about one-fourth of which is altered to chlorite. The labradorite is slightly 
altered to sericite, kaolin, zeolite or carbonate. Magnetite is present as 
large grains sometimes poikilitically enclosing feldspars. Apatite appears 
in small amounts as tiny euhedral crystals. Volume percentages of the 
dominant minerals are: Labradorite ab“ An‘, 66 per cent; augite, 31.5 
per cent; and magnetite, 2 per cent. Chemical analyses of this trap were 
published by A. F. Birch, Bull. Geol. Soc. Am., 46, 1244 (1935). 

Limestone, Solenhofen, Bavaria: This well-known lithographic stone 
consists chiefly of calcite grains with diameters from 0.001 mm. to 0.009 
mm., with accessory granules of quartz and clay. Density determinations 
by Mr. F. A. Gonyer show about 6 per cent porosity for this rock. Typical 
mineral composition,’ in volume percentages: CaCO; 93.35 per cent; 
MgCOs; 1.78 per cent; FeCO; 0.17 per cent; clay 2.70 per cent. 

Bars from Vermont Marble Company, Proctor, Vermont: 

1. “Florence” marble. .This is light gray, with regular bands of darker 
gray running parallel to the axis of the specimen. 
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2. “‘Neshobe Gray”’ marble. ‘This is fine-grained, dark gray mottled 
with white, with occasional banding of still darker gray running parallel 
to the axis of the sample. 

3. “Pittsford Italian’’ marble. This is fine-grained, white, with ir- 
regular streaks of brown, and scattered quartz crystals about 2 mm. in 
diameter. 

4. “Danby” marble. This is coarse-grained, white in color, slightly 
streaked with diffuse gray bands. 

5. “Yule” marble. This is fine-grained, and pure white in color. 

6. ‘Rutland Pavonazzo”’ marble. This is medium-grained, white with 
numerous irregular streaks of olive green. 

Comparison of Dynamic and Static Measurements of Young’s Modulus.— 
The data appear in table 1. Density and Young’s modulus are recorded 
for each rock for both the large and the small sizes of specimens. Density 
measurements are included, since they are necessary in order to compute 
wave velocities from the elastic modulus. Some of the density values pub- 
lished by Zisman are in error, so that we have re-determined all densities 
by weighing the samples and computing the volume from dimensions. 


TABLE 1 


DyNAMIC MEASUREMENTS OF YOuNG’s Moputus oF Rocks (Ep) AND COMPARISON 
WITH STATIC MEASUREMENTS (E,) BY ZISMAN 





DYNAMIC = 
STATIC 
COMPARISON 
LARGE CYLINDERS SMALL CYLINDERS Ep,-Eg, 
SPECIMEN p z p E X 100 
MATERIAL NUMBER G./cM.? DYNES/CM.? G./cm.3 DYNES/CM.? Dp 
Granite 
Quincy Surface 1 2.660 4.16 X 10" 6.5% 
Quincy Surface 2 2.676 3.76 2.63 3.65 X 101! 5.2 
Quincy Surface 3 2.659 4.73 No static data 
Quincy Surface 7 2.627 3.25 5.8 
Quincy Surface 8 2.634 3.70 4.9 
Quincy 100 ft. deep 1 2.672 5.98 2.62 5.12 8.0 
Quincy 100 ft. deep 2 2.675 5.93 2.64 4.26 10.6 
Quincy 100 ft. deep 3 2.660 6.05 2.62 4.95 12.2 
Quincy 235 ft. deep 4 2.656 4.67 2.64 3.69 12.4 
Quincy 235 ft. deep 5 2.663 4.34 2.65 4.24 6.9 
Rockport 100 ft. deep “Hardest 2.645 4.03 2.64 4.3 10.7 
way” 
Rockport 100 ft. deep “Easiest 2.636 4.59 2.63 5.10 9.1 
way” 
Olivine Diabase 
Vinal Haven 1 2.99 10.70 2.97 10.85 5.2 
Vinal Haven 2 2.97 10.54 3.7 
Vinal Haven 3 2.98 10.51 4.1 
Diabase 
Mt. Holyoke 1 2.94 8.00 No static data 
Mt. Holyoke 2 2.95 8.85 No static data 
Mt. Holyoke 3 2.95 8.68 No static data 
Norite 
French Creek 1 3.06 7.81 3.05 8.12 4.4 
French Creek 2 3.06 yak 3.02 7.22 15.6 
French Creek 3 3.05 8.71 3.04 8.72 21.0 
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MATERIAL 
Norite 
Sudbury 
Sudbury 
Sudbury 
Sudbury 


Sudbury 


Slate 
Pennsylvania 
Obsidian 
Lipari 
Peridotite (Dunite) 
North Carolina 
North Carolina 
Quartzitic Sandstone 
Pennsylvania 
Pennsylvania 
Pennsylvania 
Gneiss 
Pelham (| to foliation) 
Pelham (|| to foliation) 
Pelham (|| to foliation) 
Dolomite 
Pennsylvania 
Pennsylvania 
Pennsylvania 
Limestone 
Pennsylvania 
Pennsylvania 
Pennsylvania 
Limestone 
Solenhofen 
Solenhofen 
Solenhofen 
Marble 
Vermont ( } to bedding) 
Vermont (| to bedding) 
Vermont ( || to bedding) 








Additional Marble 
“Florence” 
“‘Neshobe Gray”’ 
“Pittsford Italian” 
“Yule” 
“Danby” 
“Rutland Pavonazzo”’ 
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SPECIMEN 


NUMBER G./ 


Average of 
eleven 
additional 
specimens 


LARGE CYLINDERS 


3.31 
3.32 


2.66 
2.64 
.67 


65 
64 


wren wets 
8 


to bw by 
N 
= 


2.72 
2.71 
2.71 


p 
cm. 


p 
DYNES/cM.? G./cm3 


8.86 X 10" 
.40 


9 


8. 


3, 


ato > 


86 


.90 
.61 


15 
385 
.70 


20 


.88 


.10 
.30 
.16 


.92 
01 
.O1 


BARS—SQUARE 


CROSS-SECTION 
2.71 6.70 
2.75 4.64 
2.72 3.82 
2.72 3.92 
2.71 4.86 
2.72 2.36 


SMALL CYLINDERS 


2.87 
2.86 


2.35 


3.27 
3.28 


2.66 
2.67 
2.66 


2.66 


2.63 


2.81 


.70 
68 
68 


bt bw tb 


60 
60 
60 


to bw tb 





85 
DYNAMIC = 
STATIC 
Po: ‘-auaaen 
PS x 100 
pyngs/cm.2 Dp 
9.06 X 1011 11.0% 
8.80 9.6 
9.2 
0.4 
No static data 
11.33 No static data 
6.95 No static data 
9.46 No static data 
14.84 No static data 
6.74 9.1 
5.90 No static data 
6.66 No static data 
86.5 
2.83 47.7 
2.74 26.8 
5.78 No static data 
8.24 No static data 
7.53 No static data 
5.80 33.0 
7.47 5.7 
6.19 5.3 
6.27 No static data 
6.27 No static data 
6.14 No static data 
4.08 X 101 18.8% 
—12.9 
2.70 +13.8 


No static data 
No static data 
No static data 
No static data 
No static data 
No static data 


In the last column of the table the dynamically determined value of the 
modulus is compared with the average of the values statically obtained by 
Zisman at mean stresses of 11.2 and 56.0 kg./cm.’, respectively. This com- 
parison is somewhat arbitrary, but seems less objectionable than a com- 


parison with only one of the two sets of statically obtained values. 


The 


set determined for low stresses is shown by Zisman to be most affected by 
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the presence of minute cracks in the specimens, so that the set of values for 
high stresses is perhaps the more reliable. 

The most obvious general conclusion to be drawn from the comparison 
in table 1 is that with few exceptions the dynamically determined values 
of the modulus are from four to twenty per cent higher than those statically 
determined. In three cases, Limestone No. 1, Gneiss No. 1 and No. 3, 
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Correlation between variations in density and elasticity for twelve 
samples of granite. : 
they are greater by 33 per cent, 87 per cent and 27 per cent, respectively; re 
and in one case, Marbie No. 2, smaller by 13 per cent. tl 

Theoretically dynamic and static methods should. give the same value 

of elasticity except for the difference to be expected between adiabatic and al 
isothermal moduli. This difference! is a function of the coefficient of m 


thermal expansion and the specific heat of the material in question. Com- vi 














VoL. 22, 1936 GEOLOGY: J. M. IDE 87 


putation for typical rocks shows that this effect can account for no more 
than two or three tenths of a per cent increase in dynamic over static modu- 
lus. Our experimental differences are of a different order of magnitude, 
and obviously cannot be explained on this basis. The large discrepancies 
recorded in table 1 for most of the rock samples must find explanation 
in some lack of homogeneity, isotropy or perfect elasticity of the rocks, 
since dynamic and static determinations of Young’s modulus for bars of 
homogeneous isotropic materials, like the common metals, are found! to 
agree within one or two per cent. 

Anisotropy should not enter into the comparison of measurements by 
different methods on the same specimen, since the direction for which the 
modulus is measured is the same whether the applied stress be fixed or al- 
ternating in character. Zisman’s paper indicates that over the range of 
static stresses employed by him, 1-80 kg./cm.*, an uncertainty of a few per 
cent is introduced into the static measurements by hysteresis, elastic after- 
working and nonlinearity of the stress-strain curve. Dynamically deter- 
mined values of Young’s modulus should be entirely free from these effects, 
since the maximum alternating stresses arising from the electrostatic forces 
on the rock end are computed to be 10 grams/cm.? or less. Thus non- 
linearity of elastic behavior under static stress probably accounts for some 
of the discrepancy between the two types of measurement. We must look 
to the presence of cracks and pores in the rocks for an explanation of the 
remaining differences. 

The presence of cracks and pores in most of the rocks studied is demon- 
strated by Zisman’s measurements of compressibility as a function of hy- 
drostatic pressure.1* When a sample is covered by an impermeable cover 
of metal foil, its initial compressibility is found to be much larger than when 
the pressure-transmitting fluid is able to penetrate into the rock pores. As 
the hydrostatic pressure increases, the two compressibility values approach 
each other, the difference becoming small at pressures around 800 kg./cm.?. 
This difference in compressibilities is larger the more porous the rock. The 
compressibility of the uncovered rock in general agrees with the seismically 
determined value, indicating that the latter is relatively unaffected by the 
presence of cavities. The general conclusion to be drawn from Zisman’s 
measurements is that when cracks and pores are present, the yielding of the 
rock to statically-applied stresses is increased by the closing of such cavities. 
Only part of the force is effective in compressing the solid material of the 
rock. For this reason statically measured values of elasticity are low, and 
the compressibility of the covered rock is high. 

We know that minute cracks and cavities are present in the rock samples, 
and that their effect is to cause statically determined values of Young’s 
modulus to be too low. We see from table 1 that the static method gives 
values of the modulus uniformly lower than by the dynamic method, and 
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that the discrepancy is greatest in those rocks in which cracks, cavities or 
bedding planes are for various reasons most prominent. The specimens of 
limestc 1e, gneiss and marble mentioned above as examples of exceptionally 
poor agreement between dynamic and static methods, are in this category. 
The specimen of gneiss, in which foliation is perpendicular to the cylinder 
axis, is a particularly striking illustration. Zisman’s value of elastic modu- 
lus for this sample is 0.38 X 10! dynes/cm.?, which is absurdly low, and — 
explicable only on the assumption that the principal effect of the static 
stress is to squeeze the foliation together without compressing the rock it- 
self. In marked contrast, the dynamically determined value for this ori- 
entation of the rock, 2.84 X 10"! dynes/cm.’*, agrees within a few per cent 
with the average of the values obtained for the other specimens of this rock 
in which the axis of the cylinder is parallel to the foliation. In fact, it is 


TABLE 2 


COMPARISON OF YOUNG’S MODULUS IN Rocks, DETERMINED STATICALLY BY 
NAGAOKA AND DYNAMICALLY BY KUSAKABE. (After Kusakabe) 


NUMBER OF MEAN E DYNAMIC E-static E 100 
ROCK SPECIMENS DYNES/CM.? MEAN E 
Sandstone 6 1.57 X 10 +38% 
Tuff 7 1.92 +23% 
Andesite 13 2.12 +20% 
Granite 5 3.14 +11% 
Slate 17 4.69 — 6% 
Peridotite-Serpentine 6 6.29 + 4% 
Schists 10 6.39 —10% 


surprising that this rock is as nearly isotropic as the dynamic measurements 
indicate it to be. We may contrast these measurements with those for the 
Vinal Haven diabase, where the agreement between dynamic and static 
methods is uniformly 4-5 per cent. This rock is extremely compact and 
almost entirely free from cracks and pores. 

We conclude that the cause of observed differences between dynamically 
and statically determined values of Young’s modulus in rocks is the liability 
of static measurements to uncertainties from (1) the presence in the rock 
sample of minute cracks and cavities, and (2) its non-linear elastic response 
to static stress. The first of these is by far the most important. Under the 
conditions of these experiments the dynamic measurements are relatively 
uninfluenced by these factors. It is interesting to compare our results 
with those of Nagaoka! and Kusakabe,? the only other published researches 
which afford comparison of static and dynamic measurements on a number 
of specimens. Table 2, taken from Kusakabe’s paper, shows that the dy- 
namically determined elastic modulus is in general higher than that stati- 
cally determined, and that the two methods give the most divergent re- 
sults for those rocks which possess the lowest elasticity. Our previous dis- 
cussion indicates that both conclusions are explicable in terms of enhanced 
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yielding of the more porous rocks under static stress, due to the gradual 
closing of cracks and cavities. 

Random Variations in the Elasticity of Granite and Norite-—We have con- 
sidered reasonable explanations for differences in Young’s modulus when 
measured by two methods on the same specimen. We now wish to dis- 
cuss the differences in dynamic determinations for different specimens of 
the same type of rock. For this we have values for twelve large and eight 
small samples of granite from Quincy and Rockport, and sixteen samples 
of the Sudbury norite. 

The large granite specimens show sixteen per cent, and the small 
specimens show eleven per cent, average deviation from the mean value of 
the modulus. These are surprisingly large random variations for a rock 
which is apparently quite uniform. Similar variations appear among the 
statically determined values, although partially masked by the uncertain- 
ties just discussed. There is no consistent change in the modulus with 
depth indicated by the specimens from different levels. This does not ex- 
clude an increase of elasticity with depth for the formation im situ, due to 
the pressure of the surrounding rock. 

An apparent correlation has been found between these random varia- 
tions in elasticity and the corresponding variations in the densities of the 
several specimens. Figure 1 shows Ap/p, the deviation of the density 
from the mean, plotted against AE/E, the deviation of the modulus from 
the mean for the twelve large granite samples. The signs of the deviations 
do not appear in the figure. With two exceptions the points show a marked 
correlation between the two quantities. This may indicate sufficient varia- 
tion in mineral composition from one specimen to another to account for 
the observed differences in both pand E. The variations in p could also be 
caused by varying porosity, but the dynamic measurements are shown to 
be relatively insensitive to the presence of cracks and pores. Differences in 
composition of the requisite magnitude to explain the density differences 
are suggested by the three chemical analyses of these granites given by 
Zisman. 

Added support for this suggestion is obtained from a study of Ap/p and 
AE/E for the sixteen specimens of Sudbury norite, a rock markedly less 
porous than granite. The magnitude of both variations is different: the 
average deviation of densities from the mean (1.4 per cent) is larger, and 
the deviation of elasticity from the mean (3.3 per cent) is much smaller than 
for granite. The data are not given in detail, but for the three samples 
showing the largest AE/E, 14.1 per cent, 9.2 per cent and 5.2 per cent, the 
corresponding values of Ap/p are 3.2 per cent, 2.4 per cent and 2.2 per cent, 
respectively. Thus these data also indicate a rough correlation between 
an abnormal value of Young’s modulus for a given sample, and an abnor- 
mal density for the same sample. 
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Further study of these random variations is desirable since extensive 
reasoning in the literature’‘ is based upon experimental data from a few 
samples, which may not be representative of their respective formations. 

Variation of Elasticity with Direction.—The data obtained for rock speci- 
mens of different orientation give some evidence of the degree of isotropy of 
the formations from which they were cut. In view of the relatively large 
variations from sample to sample, which may indicate differences in mineral 
composition, this evidence is not conclusive. The various sets of granite 
specimens show differences of 10-20 per cent in Young’s modulus measured 
along three mutually perpendicular axes. These are about 20 per cent in 
French Creek norite and in quartzite sandstone, and about 30 per cent in 
dolomite, in Pennsylvania limestone and in marble. The Vinal Haven 
diabase, Mt. Holyoke trap and Solenhofen limestone are more nearly iso- 
tropic, with axial variations in elasticity of 2 per cent, 10 per cent and 2 per 
cent, respectively. 


TABLE 3 
Younc’s Mopu tus or Rocks By THREE METHODS 


E From E FROM NATURAL 
SEISMIC WAVE FREQUENCY OF E FROM STATIC 
VELOCITIES ROCK CYLINDERS COMPRESSION 
MATERIAL (DYNES/cCM.?) (pyngEs/cM.?) (DYNES/CM.?) 
Sudbury Norite 8.82 X 10" 8.90 X 10! 8.36 X 101! 
(16 specimens) (4 specimens) 
Quincy Granite 4.3 X 10" 3.92 X 103% 3.51 X 10" 
(5 surface specimens) (4 surface specimens) 
4.64 X 10" 4.25 X 101! 
(10 large specimens) (9 specimens) 
4.32 X 104 
(6 small specimens) 
Rockport Granite 5.0 X10" - 4.51 X 10% 3.89 X 104 
(4 specimens) (2 specimens) 


An adequate demonstration of isotropy in rocks would require measure- 
ments of rigidity, compressibility and Poisson’s ratio in addition to Young’s 
modulus, and verification of the relations which should exist between them. 
Such a study is now in progress in this laboratory. 

Comparison of Laboratory and Field Measurements of the Elasticity of 
Rocks.—For three of the rock formations from which the samples studied 
here were taken, we have field measurements of elastic wave velocities made 
by Leet.'® Table 3 gives comparative average values of Young’s modulus, 
(1) as determined by Leet by timing shock waves over a known path, (2) as 
determined by the method of this paper, and (3) as determined by Zisman 
from static measurements. For the Sudbury norite the agreement between 
the laboratory dynamic method and the seismic method is within 1 per 
cent. This leaves little to be desired. The corresponding statically mea- 
sured value is 5.2 per cent lower than that computed from field measure- 
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ments. For the granites agreement is not so good. This is not surprising, 
in view of the large variations in elasticity from sample to sample of this 
rock. For the specimens from Quincy, the average dynamically measured 
modulus is 8 per cent higher for the ten large specimens; 9 per cent lower 
for the five large surface specimens; and 1/2 per cent higher for the six small 
specimens, than the seismically determined modulus. For the Rockport 
granite the disagreement between the two dynamic methods is about 10 
per cent. From these results it is obvious that agreement between these 
two methods is dependent on adequate sampling of a formation which 
varies widely in elastic properties from point to point. We conclude that 
if a given rock terrain is elastically uniform, so that a few samples bored at 
random give a good average dynamic Young’s modulus for the whole struc- 
ture, we may expect agreement within a per cent or two with the modulus 
computed from seismic wave velocities in the same rock. Static measure- 
ments on such samples result in added uncertainties of from five to twenty 
per cent, caused primarily by the presence of minute cracks and cavities 
in the rock. 
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Department of Geology, during the course of this investigation. 
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CONTINUOUS GEOMETRY 
By J. v. NEUMANN 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 


Communicated January 8, 1936 


Introduction. 1. The classical axiomatic treatments of geometry are 
all based on the notions of points, lines and planes, the “‘undefined entities” 
of the axiomatization being either the two distinct classes of points and 
lines, or the three classes of points, lines and planes.1 Thus the lowest- 
dimensional linear subspaces of the given space receive chief attention 
ab initio. 

The suggestion of replacing these distinct classes of “undefined entitiés’’ 
by a unique class which consists of all linear subspaces of the given space, 
was first made by K. Menger.? An essential part of his system was the 
axiomatic requirement of the existence of an integer-valued function (with 
any linear subspace as argument) which possesses the formal properties 
of linear dimensionality.* These investigations were carried further by 
G. Bergmann,‘ who replaced the explicit postulation of the existence of 
an integer-valued dimension function by axioms securing the existence of 
points and by certain requirements concerning the algebraic properties 
of points. Recently K. Menger has taken up the subject again, and has 
given a system of axioms in which the axioms on the algebraic properties 
of points are simpler than those in G. Bergmann’s system, and possess 
the important feature of ‘‘self-duality.”"> The existence of points is secured 
with the help of the so-called chain condition.’ The existence of an (integer- 
valued) dimensionality with the desired properties is then established 
constructively. 

On the other hand, an entirely different series of researches, the theory 
of lattices, as developed by F. Klein, G. Birkhoff and O. Ore,’ led to 
similar results. G. Birkhoff discovered a set of axioms of projective 
geometry, which characterized the system of all linear subspaces of a fixed 
(projective) space as a special kind of lattice.* In this system, too, the 
notion of a numerical dimensionality had not to be postulated, but its 
existence could be proved: For this purpose again the existence of points 
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was secured by imposing the chain condition, together with some further 
algebraic postulates. In"this second group, however, G. Birkhoff avoided 
the notion of points altogether. His main requirement is the purely 
algebraic modular axiom.° 

2. The point which we wish to stress is that the investigations described 
above show an unbroken trend away from the notion of the point. The 
point, which was originally the basic concept of geometry, and with it the 
neighboring lowest-dimensional objects—viz., lines and planes—are not 
even mentioned in G. Birkhoff’s postulates. Of course, they come in in 
his derivation from these postulates of the actual system of projective 
geometry. In particular, the important notion of numerical dimensional- 
ity is directly based on points.!° Technically, the axiom which secures 
the existence of points (and lines and planes) is the chain-condition: 
The length of a strictly increasing finite sequence a, . . ., a, of elements 
(that is, of linear subspaces, each of which is a proper subspace of the 
next one) cannot be arbitrarily great.' 

3. The purpose of the investigations, the results of which are to be 
reported briefly in this note, was to complete the elimination of the notion 
of point (and line, and plane) from geometry. G. Birkhoff’s system indi- 
cates how this ought to be done: All his axioms, with the exception of the 
chain condition, must be kept,’* adding certain requirements on continuity. 
(The latter ones are needed to face the “‘infinities,’’ which will now neces- 
sarily come in.) 

It turns out that the modular axiom again plays a decisive réle, and that 
really very few new continuity assumptions are needed. We succeed in 
proving the existence of a unique numerical dimension-function, but all 
real numbers must be permitted as its values. It turns out that its 


numerical range is (when suitably normalized) either the set 0, . -, ERS 


for an n = 1, 2,... corresponding to m — 1-dimensional projective geom- 
etry,'* or the set of all real numbers x 2 0, S 1. 

The latter case corresponds to an entirely new type of geometry, in 
which the classical notions of points, lines, planes, etc., are absent.'* 

Further details will be given in the course of this note. 

4. The author wishes to point out that his interest in “‘geometries 
without points” originated from a remark of J. W. Alexander, who formu- 
lated a similar program for set-theory (unpublished). Furthermore, he is 
greatly obliged to G. Birkhoff and O. Veblen for frequent discussions of 
the subject. 

The form of the axioms which follow is nearer to that used by O. Ore 
than to that of G. Birkhoff (cf. 7)—that is, it was found convenient to use 
the relation a < b (a is a proper subspace of 5) as an ‘‘undefined entity,” 
instead of the operations a ~ b and a ~ b (meets and joins of a and 3). 
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\ and ~ are introduced by definitions as secondary notions. We prefer 
to use the symbols +, -, for , ~, respectively. 

We will give only the axioms, some commentaries on them, and then 
the main definitions and results. A detailed account will appear soon in a 
mathematical periodical. A close connection exists between these in- 
vestigations and some joint work of F. J. Murray and the author on opera- 
tor rings. In fact, to a certain extent this is the abstract formulation of 
those researches on Hilbert space. This connection will be discussed in 
the detailed publication. 

The Axioms.—5. We now pass to the enumeration of our axioms. It 
is convenient to let one or more explanatory ‘‘Remarks’’ follow each 
axiom. They will clarify the meaning of each axiom, its connection with 
similar postulates in algebraic literature, and its relation to other axioms 
of our system. 

The “undefined entities’ represent, as we mentioned, the linear sub- 
spaces of the given space; the relation a < 5b should be interpreted as 
meaning “‘a is a proper subspace of 0.”’ 

We consider a class L of at least two different elements (‘‘undefined entities’), 
which will be denoted by a, b, ..., y, 2 and in it a relation a < b, with the 
following properties: 

I. a< bisa partial ordering of L, that is: 


I,. Nevera< a. 
Ih. a<b,b< cimplya< _c. 


Remark 1.—Write a S b ifa<bora=b. a>banda 2 db mean 
b < aand b S a, respectively. 

Remark 2.—Replacing a < b by a > D, lh, Ig remain true. This replace- 
ment, together with all those changes which it implies for the notions 
which we will define subsequently with the help of a < J, is the dualization 
of L. We shall see that our system of axioms is invariant under dualization 


or self-dual, and therefore the entire theory based on it is such. 
<, S have the duals >, =. 


II. Lis a continuous set, that is: 


II,. For every subset S & L* an element a of L exists, such thatx = a 
is equivalent tox = u for all ueS. 

IIy. For every subset S & L an element a of L exists, such thatx S a 
is equivalent tox S u for all ueS. 


Remark 3.—The a of II, is obviously unique by I, and it is clearly what 
one should call the least upper bound of S. We prefer the notation a = 
2(S). 

The a of II; is similarly unique by I, and clearly the greatest lower bound 
of S. We prefer the notation a = II(S). 
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Remark 4.—I1,, Iz are dual to each other, but they are not independent. 
We observe, omitting the proof which runs along familiar lines, that each 
one of them implies the other. 

They both express Dedekind’s axiom of continuity (‘‘Schnittprinzip’’), 
thus motivating our use of the word continuous. 

>, II are duals. 

Remark 5.—Let 0 be the empty set, and (a, b) the set with the elements 
a,b. Define 

0 = 2(0), 1 = 1(0),a + bd = Z((a, d)), a-b = I((a, d)). 


One verifies immediately (using I) : 


(i) AlwaysOSaSlabsasa+tbd. 

(ii) a+ 0b, a-b are both commutative and associative. 

ji) a+0=a,00=0,a+1=1, a1 =a. 
0 = 1 would imply (by I and (i)) x = 0 for all xeZ, but L possesses at 
least two different elements, so 

(iv) OF1. 
0, + have the duals 1, -. 

Remark 6.—Let Q be some infinite aleph. Consider a sequence S of 
a,eL, where a runs over all Cantor-ordinals a< ©. Define 

(A) Ifa< B< Qimplies a, S agthen lim* (a,) = 2(S). 


is a—->Q 


(B) Ifa< B< Qimpliesa, = ag then lim* (a,) = II(S). 


a—->Q 


Otherwise lim* (qa,) is undefined. 
a->Q 


This notion of lim* is clearly self-dual, while the cases (A), (B) are dual. 


a-—-Q 
Our general notions of 2 and II could be replaced by + and - together 
with lim*. Some additional ways to weaken II exist. But we think 


a> 
that the form of II used above is the most symmetric, and puts in evidence 
the really essential points better than any other formulation. 
Remark 7.—One derives easily from our definitions: 
(v) Ifa< B< Qimplies a, S ag, then lim* (a, + 6) = lim* (@,) + b. 
a—->Q 


a—>QQ 
(vi) Ifa< B< Qimplies a, = ag, then lim* (a,.b) = lim* (@,).b. 
a> a->Q 
(These are merely more general forms of the associative law.) 
III. Addition and multiplication are continuous in L, that is: 


Ill. Ifa< B< Qimpliesa, = ag then lim* (a, + 6) = lim*(a,)+0. 
a—->2 a> 


‘II. Ifa< B< Qimplies a, S dg then lim* (a,.b) = lim* (@,).0. 
a> 


a-—->Q 


Remark 8.—(v), (vi) and II, Ill, together express the continuity of 
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a + 6 and a-b with respect to our present notion of lim*. Observe, 


a—->o 
however, that this is not the one which is usual in finite-dimensional 
geometry. There it would be void, as a, S ag respectively a, = dg for 
all a < 6B < Q implies a, = constant (owing to the chain condition) for 
all sufficiently great a < Q, thus making II, III, trivially true. 


III, III; are dual. 
IV. L fulfills the modular axiom, that is: 
IVi. @ S c implies (a + b)-c = a+ dc 
V. Ls complemented, that is: 
Vi. For every acL an xeL witha + x = 1, a-x = 0 exists. 
VI. L ts trreducible, that is: 


Vii. If for an aeL, Vi has a unique solution xeL, thena = Oora = 1 

Remark 9.—Each axiom IV-VI is self-dual. 

Remark 10.—VI, can be shown to be equivalent to the following con- 
dition :” 

(A)L is no direct sum, that is: 

Ifa +b =1; a-b = 0; every xeL equal to some u + v, u S a,v S b— 
then eithera = 0,6 = lora=1,)=0. 

This is the form which is more familiar in algebraic literature, but its 
self-duality (in our case) is not obvious. 

The connection between VI and (A) justifies our use of the word irre- 
ducible. 

Observe that our axioms are satisfied if Z consists of all linear subspaces 
of any finite (n — 1)-dimensional projective space P,_,(m = 1, 2,...),¥8 
or, which amounts obviously to the same thing, of all linear subspaces 
containing the origin in an m-dimensional affine space A,. (In this case 
the ‘‘chain condition’’ holds, making III vacuous, as observed in Remark 8.) 
But there exist further systems L satisfying our axioms (cf. sec. 3, and 14), 
where III comes really into play. They will be the main object of our 
further investigations. We wish to stress, however, that the most obvious 
generalization by » —> does not gives these systems L: L cannot be 
chosen as the system of all closed linear subspaces containing the origin in 
Hilbert space, because this system violates our axioms." 

The Results—6. Our primary objective is the definition of a numerical 
dimensionality for all aeL (cf. secs. 1 and 2). Following a procedure used 
by F. J. Murray and the author we define first the notion of equidimen- 
sionality for two a, b « L.™ This is analogous to G. Cantor’s classical 
procedure of defining equality of power (i.e., equivalence) for sets before 
defining the powers (i.e., alephs) themselves. But while G. Cantor was 
led by this procedure to a new kind of quantities, the alephs, our axioms 
will lead us back to the well-known system of real numbers.*! 
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Observe that G. Birkhoff’s and K. Menger’s direct procedure in defining 
dimensionality (cf. **) cannot be used here as it is based on the notion 
of a point, and thus on the “chain conditions.”’ 

Our definition of equidimensionality is this: 

(1) a, b € L are equidimensional, a ~ b, if they possess a common com- 
plement in the sense of V. That is, if an x ¢ L with 
atx=b+x=1, ax=bx=0 
exists. 
(Loc. cit., '»?° unitary-equivalence was used to define equidimensionality. 
In our present set-up nothing like the unitary group appears, so a defini- 
tion in terms of linear subspaces only had to be found. Definition (1) 
meets this requirement.) 

One verifies easily that (1) is equivalent to the common notion of geo- 
metrical (linear-) equidimensionality, when L consists of all linear sub- 
spaces of the m — 1-dimensional projective space P,_,. (In the customary 
normalization, cf. !*, we have then dim (a) = dim (b) = n — 2 — dim (x).) 
But there is an even deeper connection between (1) and the fundamental 
concepts of projective geometry. 

We can prove: 

(2) a~ bits equivalent to the existence of an x with 


atx=b+x, ax = bx = 0? 


(3) The property (2) of x (with respect to a, b) is equivalent to this: 
The correspondence 


v= b(u +x), u=a(v+ x) 


1s a one-to-one mapping of all u S aonallv & 5b, and is isomorphic 
with respect to the relation <. 
Now it is easily seen that in a P,,_, (3) expresses exactly this: The corre- 
spondence of the uw S a with the v < D as described in (3) is an axial per- 
spectivity of a, b with the axis x. Thus (2) expresses that our notion of 
equidimensionality signifies the possibility of setting up a perspectivity 
between a and 0b. 
7. We must now develop the main properties of our a ~ 6. While 
a ~ a, and the implication of b ~ a by a ~ db are obvious, it is not so for 
the implication of a~cbya~bandb~c. That this, ie., the transi- 
tivity, may cause difficulties, is not surprising. It is well known from 
elementary projective geometry that perspectivities as such form a non- 
transitive family of mappings.?* We wish to prove the transitivity of the 
possibility of finding a perspectivity between a and b—and this task is 
necessarily more complicated. 
It is possible, however, to prove by a somewhat lengthy analysis this 
transitivity : 
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(4) {i) a~wa. (ii) a@~ bd implies b ~ a. 
(iii) a~b,b~cimplyawc. 


Thus the aeL split up into mutually exclusive equivalence-classes A 

CL. Denoting a’s class by A, we then have: a~b means A, = Ay. 

Let L be the set of all equivalence-classes A. 

A surprising fact is this: 

(5) a~b< ais impossible. 

In set-theoretical terminology: The aeL are all “‘finite.’’ This is quite 
surprising, as our axioms contained nothing that could be interpreted as 
tending to secure “‘finiteness.”’ 

We now define: 

(6) a<bmeansa~c< b for somec; a > b means b< a. If R, Hel, 
then if a <b occurs at all for ae8, beQ, it ts so for all these a,b. We 
then write 8 < $; R > Hmeans H < K. 

The analogon of the ‘‘comparability theorem”’ of set-theory can be proved, 

essentially owing to VI: 

(7) For any two a,beL exactly one of the three possibilities a ~ b holds. 
In other words: For any two 8, D ¢ L exactly one of the three possi- 
bilities & . © holds. 

From this one concludes easily: 

(8) Using the notion < as defined in (6), L is a completely ordered set. 

We next define addition in L: 

(9) If for 8, D € L two aeR, beH with a-b = 0 can be found, then the 
equivalence-class § of a + b depends on R, § only. 

In this case we say that R + § can be formed, and define R + H = &. 
Observe that this is the first instance where we introduce a non-self-dual 
notion! 

(5), (7), (8) permit proving: 

(10) There exists one and only one way of mapping L on some set D of 
real numbers = 0, S 1 in such a way that 

(i) <, + go over into <, + for real numbers, 
(ii) Wo, Wi, are mapped in the real numbers 0, 1 respectively. 


(11) D %s either the set D, = (0, > — wes Fe ee eee 
else the set D.. of all real waneliees te 2 0, 41. 
8. We define 
(12) D(a) is a numerical dimension — if it has the following proper- 
ties: 


(i) D(a) is defined for all aeL, its values being real numbers = 0, S 1. 
(ii) D(O) = 0, Dd) =1. 
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(iii) D(a + 6) + D (ab) = D(a) + Did). 
Obviously 1 — D(a) is dual to D(a). Observe that D(a) depends on the 
class of a only: If a ~ 3b, then (1) and (12), (ii), (iii), give together 
D(a) = D(b) = 1 — D(x). Thus D(a) = D’(R,). 
With the help of (10) we can prove: 
(13) There exists one and only one numerical dimension-function D(a). 
In fact, the mapping of L on D as described in (10) maps R = §, on 
D(a) = D'(&,) = D(X). Thus 
(14) D, as described in (11), is the range of D(a). 
Thus D is self-dual, and with it the classification of L by D = D,, De, ..., 
D.. 
9. The following result, also, seems worth mentioning. 
Define 
(15) D(a) is a proper dimension-function if it has the properties (i)—(iii) in 
(12), and besides: 
(iv) D(a) +0, 1lifa+0, 1. 


(v) [fauSas...0771y 2H... then D( lim* (,)) = 
lim (D(a,)). 


Then we have: 


(16) The numerical dimension-function D(a) is a proper one also. 

And 

(17) Assuming the validity of axioms I, II, V, only, the existence of a 
unique proper dimension-function is equivalent to the validity of the 
(remaining) axioms III, IV, VI. 

10. One verifies easily (along the lines of *), that D = D,, = 1,2,... 
means that L is the set of all linear subspaces of an m — 1-dimensional 
projective space P,,. D = D. is the new case, mentioned in sec. 3. 
We will give an example of it and discuss some of its properties in the 
next note. 


1In this note “geometry” is to be understood as meaning projective geometry. 
Thus the axiomatization of O. Veblen and W. Young’s book Projective Geometry (2 vols., 
Boston, 1910 and 1918) will be considered as standard—particularly Vol. 1. The 
“undefined entities’ are here points and lines. More precisely, in the 3-dimensional 
case we keep Axioms A and E of O. Veblen and W. Young, but not P (ef. loc. cit., pp. 
16, 18, 24, 95). That is: the division algebra which belongs to the given geometry 
(cf. loc. cit., pp. 141-151, 157) need not be commutative. In the n-dimensional case 
we mean Axioms P1-P4, loc. cit.,8 p. 744. 

D. Hilbert, in his Grundlagen der Geometrie (Leipzig, several editions since 1903) 

used three classes of ‘‘undefined entities”: points, lines and planes. 

2 Jahresbericht D. M. V., 37, 309-325 (1928), particularly 312-318. 

3 The decisive property is additivity, Axiom VI, loc. cit.2 Cf. Definition (12), con- 
dition (iii), in sec. 8 of this note. 

4 Monatshefte Math. Phys.,. 36, 269-284 (1929). 
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5 To appear in Ann. Math., 37 (1936) (with the collaboration of F. Alt and O. Schreiber). 
These axioms include, by a slight variation, affine geometry, too. 

6 Cf. the end of our sec. 2 and loc. cit." 

7F. Klein, Math. Ann., 105, 308-323 (1931); G. Birkhoff, Proc. Cam. Phil. Soc., 29, 
441-464 (1933); O. Ore, Ann. Math., 36, 406-437 (1935). 

8 Ann. Math., 36, 743-748 (1935). 

®§ Cf. G. Birkhoff and O. Ore, loc. cit.? This postulate was first used by R. Dede- 
kind, Math. Ann., 53, 371-403 (1900); Coll. Works (Braunschweig) 2, 236-271 (1931). 

10 Dimension (a) is the maximum length of all chains ending with a, minus two. 
(Cf. the end of sec. 2.) Thus the “‘chain condition” is used, which is equivalent to the 
existence of points. Another equivalent form: Dimension (a) is the minimum number 
of points having the sum a, minus one. 

11 This maximum minus two is the dimension of the space in question. The chain 
condition originates from algebra, where it was used as a property of ideals of algebraic 
numbers by R. Dedekind, and as a postulate of general ideal-theory by E. Noether. 
Cf. E. Noether, Math. Ann., 96, 26 (1926). 

12 The system of K. Menger and G. Bergmann would not do, because the ‘‘modular 
axiom” is replaced by postulates using the notion of points. We will see that the 
point-free formulation of the ‘‘modular axiom” is of primary importance. 

18 The current way of numbering dimensions consists in assigning points dimension 0, 


lines dimension 1, planes dimension 2, . . ., the full space P,-1 dimension — 1. Thus 
the empty set’s dimension must be —1. Denoting this dimensionality by d(a), we 
d(a 1 
introduce a new one, D(a) = ie Additivity (cf.*) is unaffected by this new 
n 
meee , 123 . 
normalization, which replaces —1, 0, 1, 2,..., 2 — 1 by 0, -, -, -,..., 1, and is more 
nnn 


convenient for our further purposes. 

14 Effective examples of such geometries will be given in the next note. 

1% Ann. Math., 37, 116-229 (1936), particularly pp. 168,172. If ZL consists of all 
“‘projections” of a ‘‘factor’’ M, as defined loc. cit., it is “‘finite’’ (cf. p. 172, loc. cit.). 

15° (Added in proof.) An abstract procedure which extends any partially ordered 
set to a continuous set was found by H. MacNeille, who studied their properties too 
(these PRocEEpinGs, 21, 45-50 (1936)). The author is obliged to Mr. M. H. Stone for 
calling his attention to this work. 

16 4 C B means: A isa subset of B (including the possibility of A = B); u «A means: 
u is an element of the set A. 

The a’s of VI are the “neutral elements’ of O. Ore, loc. cit.,7 p. 420. In finite- 
dimensional projective geometry irreducibility is equivalent to the existence of three 
points on each line, cf.’, p. 747. 

8 Cf. G. Birkhoff, loc. cit.,8 p. 744. 

19 Both III and IV are violated. Furthermore it is easy to see that their consequence 
(5) (in sec. 7) does not hold. If we admitted all linear subsets, then III would hold, 
but not IV. 

20 Cf. loc. cit.,%, p. 151. 

21 In both cases an extension of the system of real numbers 1, 2, . . . ‘“‘beyond infinity”’ 
is sought. That we obtain the real numbers 2 0, < 1, and not the alephs, is a justifi- 
cation of the normalization of }. 

*2 Other equivalent forms of a ~ b: Anx witha +x =6+4x%,a-x = b- x exists. 
Anxwitha+x=b4+x=a+0),a:x =b:-x =a: bexists. 

23 Cf. O. Veblen and W. Young, loc. cit,’ pp. 55-68. Several successive perspectivi- 
ties give a projectivity, which is not always a perspectivity. 
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EXAMPLES OF CONTINUOUS GEOMETRIES 
By J. v. NEUMANN 


INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 


Communicated January 11, 1936 


Construction of the Examples. 1. Inthe preceding note a system of geo- 
metrical axioms was formulated, which is satisfied 
(i) by the system L = L,, of all linear subspaces of any » — 1-dimen- 
sional projective geometry P,_,,” = 1, 2,..., 
(ii) by certain further systems L = L.. 
For each system L satisfying these axioms a unique numerical dimension 
function D(a) (cf. Definition (12) in sec. 8, loc. cit.) exists, its range being 


Li 
i) D=D, = the set (0, ©, wot BEL e Lee 2 2. 
(ii) D =D. = the set of all real numbers = 0, S$ LifZ = L,. 


The object of the present note is to give effective examples of the new 
cases L = L,., and to discuss some of their properties. This note, too, 
will merely give results and outlines of proofs, the details being reserved 
for the subsequent publication mentioned in the preceding note. 

2. Let 3 be a not-necessarily-commutative but associative division- 
algebra, and m = 1, 2,.... By a left-ratio we mean n elements of 3, 
fi, ..., &, not & =... = & = 0, combined to a symbol [& :...: &,], 
with the understanding that [f :...:&] = [m:...:,] if and only 
if an element 7 + 0 of 3 with ri = m, ..., T&, = m, exists. (This 
notion of equality is clearly reflexive, symmetric and transitive.) 

The left-ratios [f, :... : &,] are the elements of an ” — 1-dimensional 
projective space P,_, = P,_,[3]. Any (finite) number of equations 


fiaa +... + &a;, = 0, Se Boe eg MM 


the aj,7 = 1,...,m,j = 1,..., ”, being fixed elements of 3, describes 
a linear subspace a = a(aj; 7=1,...,m,j =1,...,m) of P,_,. The 
minimum m = 0, 1, 2, . . . with which a given a can be characterized is its 
rank r(a). 


One verifies easily that all these a form a system L which satisfies our 
axioms. The common geometrical dimension of an aeL is clearly d(a) = 
d(a)+1_ m—r(a) 

a n 





n— 1 — r(a) while our numerical dimension is D(a) = 


(cf. 18 in the preceding note). Thus D = D,, L = L, = L,[3]. 
3. We introduce the notion of dimensional distance in L = L,. If 
a,beL, we define it to be 
d(a + b) — d(a-b) 
n 





5(a, b) = = D(a + b) — D(a-b). 
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(Later in sec. 9, we shall introduce 6(a, b) = D(a + 6) — D(a-b) for all L 
satisfying our axioms.) One proves without much difficulty that 6(a, d) 
defines a metric in L: 
(i) d(¢,a) = 0; (a,b) >Ofora+b, 
(ii) 6(a, b) = 5(6, a), 
(iii) 4S(@,c) S d(a, b) + 4(8, 0), 
and that a + 6, a-b fulfill Lipschitz conditions: 
(iv) 6a +6,c¢+d) S d(a,c) + 4(0, 0), 
(v) 6(a-b, c-d) S d(a,c) + (0, d). 
Nevertheless 5(a, b) does not lead to any interesting topology in L = L,, 
9 


l — 
because its values are obviously 0, = ma ..., 1 only. Thus the dimen- 
2 
sional distance of any two different points is a that one of a point and 


1 
the empty set n of the entire space and the empty set 1, etc. 


4, Consider next two projective spaces P = P,,_,[3] and P’ = Pyy_, 
[3],” = 1, 2,...,k% = 2,3,.... We will set up a one-to-one corre- 
spondence between all elements a of L = L,[3] and some elements a* of 
L’' = Ly,[3], the latter forming a set L* C L’. This is done by the 
following definition: 

(1) Toa given a the set a* of all those points [& :... : &,] of P’ corre- 
sponds, for which each one of the k points [&p-yn41 :--+ : Epnds 
p=1,...,k of P belongs to a'. 

One verifies easily : 

(2) Ifa=a(aj;; i=1,....m,j =1,...,m) thena* = a(ay; h=1, 
... km, l = 1,..., kn) where 

ois} = ay of P =<? t forh = (p — 1)m +i,l=(q - 1)n +), 
= 0vpt+q $,qg=1,...,k, 4 =1,...,m,j = 1,...m. 

From (2) one derives easily the relation r(a*) = kr(a) for the rank, which 

gives d(a*) = kd(a) + (k — 1) for common geometrical dimension, and 

therefore D(a*) = D(a) for our numerical dimension. 

Furthermore, it is clear that the correspondence a [7 a* leaves the 
relation < and the operations + and - invariant. Thus the invariance 
of numerical dimension implies that one of dimensional distance: 

5(a*, b*) = &(a, bd). 


In other words: 
(3) a ~a* is an isomorphic and isometric one-to-one mapping of L on 
L* ¢ L’. 
5. Choose now an arbitrary sequence of numbers h;, ke, . . ., each one 
being = 2,3,.... (The special case ki} = ky =... = 2 has all essential 








— zat tte &. 
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features, and therefore we could omit all others.) Put , = ki: ... -k, 
for v = 0, 1, 2,... (m = 1). Form the spaces P” =P [3] = P,, -,[3] 
and their L” = L® [3] = L,,,(3]. 

For each v = 0, 1, 2, ... we can apply the construction of sec. 4 to 
n = ty, k = kyu, kn = m4, and P = P™, P'= POT) L=L”, L’aL*t, 
Thus a correspondence a [— a* of all aeL” with the a*eL®* CL°t” 
obtains. 

Identify a with a*. Then L” becomes a subset of L°t”: it is = L* 
C Lt”, We know from sec. 4 that the relation <, the operations + 
and -, and the numerical functions D and 6 are unaffected by this identi- 
fication. 

Applying these identifications for all v = 0, 1, 2, ... we obtain an as- 
cending sequence of sets: 


LW eL*eL*c... 


Denote the set-theoretical sum of L®, L®, L®, ... by L' = L‘ [3]. 
From what we said above it follows that <, +, -, D, 6 are defined in 
L‘*, too, and that they obey in L‘* all those formal rules which are true 
in all L®, LY, L®, .... + ~=Thus (i)-(v) from sec. 3 hold in L'”? again, 
that is: 8(a, 6) is a metric in L‘°) and a + b and a-b fulfill the same Lip- 
schitz conditions. 

But the range of 6(a, b) is no longer restricted as it was there. It now 


consists of all f v=0,1,2,...,p =0,1,..., m,, and so it is an every- 
v 


where dense set in the interval of all real numbers 2 0, S 1. Thus it 
leads to a really significant topology of L‘*?. 

6. We can now apply G. Cantor’s process of ‘‘completing”’ the metric 
space L‘*”, We proceed in the customary way: 


(4) A sequence of elements ay, a2, .. . of L‘” is a fundamental sequence, if 
lim 6(a,,a,) = 0. 
po—> © 
(5) Two fundamental sequences a, de, ... and by, be, . . . are equivalent, if 
lim 4(a,, 6,) = 0. 
o- oo 


This notion of equivalence is reflexive, symmetric and transitive. Thus 
we can identify all equivalent fundamental sequences, and then form the 
set L(@) = L()[2] of all fundamental sequences (with these identifica- 
tions). 
We now have: 

(6) tf dy, de, ... and dy, be, .. . are fundamental sequences, then 

(i) a, + dy, de + de, ... is a fundamental sequence, 

(ii). a,b, dg-be, . . . is a fundamental sequence, 
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and both go over into equivalent ones if ay, de, ... and by, be, ... are 
replaced by equivalent ones, respectively; furthermore 
(iii) lim D (a,) exists, 


lon a) 

(iv) lim 6(a,, b,) exists, 

eo" @o 

and both numbers are unchanged if a, do, ... and b,, be, ... are re- 

placed by equivalent sequences, respectively. 
Indeed (i), (ii), (iv) follow from (i)—(v) in sec. 3, a (iii) is merely (iv) with 
b, = bb =... = 0. Thus we can define: 
(7) Ifa, be L@, a = (a, ae,...), 6 = (di, be, ...), then define 

(i) a+b = (aq + by, a + by, ...) 
(ii) a-b = (Q)-d,, ae-be, ...) 
(iii) D(a) = lim D(a,) 


p> 2 


(iv) 6(a, 6) = lim 6(a,, 3,). 
ya0 0 
It is obvious that these +, -, D, 6 obey in L‘) all those formal rules which 
are true in all L®, LZ, L®,... 

Thus the algebraic properties of +, - are those which characterize a 
‘modular lattice’’;? D possesses the properties (i)—(iii) of (12) in sec. 8, 
and (iv) of (14) in sec. 9 of the preceding note; and 6 possesses the prop- 
erties (i)—(v) of our sec. 3. 

As L‘) is a modular lattice, we can define a S b bya +6 = 56, which 
is equivalent to a:b = a, anda < b bya S banda + Bb. 

The very construction of Z(@) guarantees that it is “complete” in the 
metric 6(a, 6): 


(8) If a, a2, ... eL‘@) then the existence of an aeL‘) with 
lim 5(a,, a) = 0, 


pe —_ © 
which will be denoted by 


lim®(a,) = a, 


eo @ 


is equivalent to 
lim 6(a,, a,) = 0. 


po © 


7. Consider now an infinite aleph 2, and assume that for each ordinal 





a< Qand a,«L‘@) is given. Assume first a, S ag fora < B< Q. 

Then one derives easily from the known properties of D, that D(a,) 
< D(ag) fora< B< Q. Thus if Q is uncountable, D(a,) = Constant if 
a < Qis sufficiently great. From this we can infer (essentially by the use 
of (14), (iv) in sec. 9 of the preceding note) that a, itself is constant if 
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a < Q is sufficiently great—say a, = a°®. Therefore a°® is the least 
upper bound of the a,, a < Q (cf. Remark 3 in sec. 5 of the preceding note). 
If 2 is countable, 2 = w, then a << 2 = wmeansa = 1,2,.... Now 
D(a) = D(a) =... S 1, so lim D(a,) exists, and so 
lim 5(a.,0g) = lim (D(a. + Qg) ik D(a ‘ ag)) 
a,pB—> o a,B— o 
= lim (D(QMaxe8)) — D(Qmin(as))) = 0. 
apa f+) 
Thus by (8) lim® (a,) exists. It is not difficult to show that in this case 
a® = lim®(a,) is the least upper bound of the a, a2, ..., that is, of the 
G a< Q. 
Thus the element denoted by lim* (a,) in Remark 3, loc. cit., exists 
a->Q 


at any rate. The same is established in a similar way if a, 2 ag for 
a<£6< Q. 
As observed in Remark 6, loc. cit., the existence of a + b, a- 6 and of 


lim*(a,) in the sense of Remark 3, ibid., implies the existence of a least 
a> 


upper bound and of a greatest lower bound for every subset S of L‘@). 

Thus L‘@) fulfils the axioms II of the preceding note. Axioms I are 
obviously true, and IV carries over (by continuity with respect to the 
distance 6(a, 6)) from L®, L™, L®, .... We will not go into the 
details of establishing III, V, VI; this, too, can be done without essential 
difficulties. 

As D(a) fulfils (12), (i)—(iii) in sec. 8, loc. cit., it is the numerical dimen- 
sion-function of Z‘@). As its range includes the range of D(a) in L‘~), it 
is everywhere dense in the interval of all real numbers 2 0, S 1. Thus it 
cannot coincide with any D,, D2, ...; therefore it must be D,. Thus 
L‘®) = L()[3] is a system L., indeed. 

8. The structure of Z()[3] seems to be of interest, even when con- 
sidered by itself, without reference to the general theory of continuous 
geometry. 

A case which may allow applications to quantum theory arises if 3 is 
the algebra of all complex numbers.‘ We pointed out, however, at the 
end of sec. 5 of the preceding note, that even this L‘*)[3] cannot be iso- 
morphic to the system of all closed linear subsets (containing the origin) 
of Hilbert space, as one might be led to expect. 

An even more peculiar situation arises if we choose 3 as a finite algebra, 
a Galois field. The simplest possibility is the one where 3 has two ele- 
ments only: 0 and 1, being the algebra of the rest-classes (mod 2). This 
corresponds to that type of finite-dimensional projective geometry where 
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every line contains exactly three points.’ Our L‘)[3], 3 = (0, 1), con- 
tains of course neither points nor lines. 

It is well known that even such geometries can be formed where each 
line contains exactly two points. Such a geometry, when m — 1-dimen- 


sional, consists of m points, m, ..., m,, the -dimensional subspaces 
being simply all + 1-element subsets of P,_, (pb = —1,0,1,...,” — 1).8 
Thus P,,_, = (m,..., ,) and its L, is the Boolean algebra of all subsets 


of P,,-,.7 Of course it violates the axioms of the preceding note (if m > 1), 
namely, axiom VI, as V has exactly one solution xeL, for each aeL,,. 
d(a) + 1 may be defined as the number of elements of a, D(a) as its n-th 
part. Another interpretation of L, is this: Let 7; correspond to the 
interval ‘=< iz< ~, 1=1,..., , and a to the sum of those intervals 
which correspond to the z;«a. The D(a) is the Lebesgue-measure of this 
set. 

Our limiting process, passing from L® = L,, LY = Ly, L® = Lyx, 
... to LZ‘) can be carried out because it uses the existence of D(a) only, 
while VI itself is not needed. It is not difficult to see that it characterizes 
L©) as the Boolean algebra of all measurable subsets of 0 S$ x < 1 two 
sets which differ only by a set of Lebesgue-measure 0 being identified. 
D(a) is again the Lebesgue-measure of the set representing a. 

Again our axiom VI is violated. This deficiency is illustrated by the 
fact that Lebesgue-measure is not characterized uniquely by Definition 12, 
(i)-(iii) in sec. 8 of the preceding note, and that these conditions do not 
imply in general 14, (iv)-(v) in sec. 9, ibid. 

It would be interesting to find an interpretation along similar lines for 
L@ [3], 3 = (0, 1), which fulfils our axioms, and for which therefore 
the behavior of D(a) is more satisfactory than that of Lebesgue-measure 
described above. 

9. The examples L(=)[3] indicate two further facts: 

(i) That an L = L.. may possess an inherent metric, connected with its 
numerical dimension-function D(a). 
(ii) That it may be connected with a division algebra 3 just as every 
finite-dimension projective geometry L = L, = L,[3] is (if m 2 4). 
We will make some observations concerning both points. 
Consider first (i). In any system L fulfilling our axioms I-VI, a function 


5(a, b) = D(a + b) — D(a-d) 


can be defined. As +, -, D are dual to -, +, 1 — D, therefore this 6 
is self-dual. Relations (i)-(v) in our sec. 3 can be proved in general. 
So 6(a, b) is a metric of L, and a + 5b, a-b are continuous operations with 
respect to it. Besides, one can prove: 


(9) IfL = Lo, Li, Ls, ... then the topology of L with respect to 5(a, b) is 
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discrete, the only possible values of 5(a, b) being 0, . 
| a 
If L = L., then L ts connected in the topology with respect to 5(a, b). 
Furthermore L is complete in this topology, that is, the analogue of (8) 
holds: 
(10) If ai, de, ... €L then the existence of an aeL with 
lim 6(a,, a) = 0, 


| Fie tod 
which will be denoted by 
lim” (a,) = a, 


po 


Zl bo 


ery e 


1s equivalent to 
lim 6 (a,, a,) = 0. 


oom oa 
The connection between this lim® and the lim* of Remark 6 in sec. 5 


po avo 


of the preceding note is of interest. In this connection we can prove this: 
(11) If lim* (a,) exists for an uncountable Q, then a, = Constant if a < © 
a—>Q 


is sufficiently great. 
Thus from the topological point of view lim* for an uncountable Q is 


a> 
uninteresting. If however Q is countable, 2 = w, we generalize lim* as 
ero 


follows: 
(12) Tf dy, de, ... eL and if two sequences a, S$ a, S ..., a, = a = 


+ @, S ay S a", with lim* (a,) = lim* (a”%) = a exist, then a® 
depends on ay, do, ... dhe, taka <a 
lim** (a,) = a. 
Now we have: P aihs 
(13) A set S © L is closed with respect to lim” if and only if it is closed 


am @ 


with respect to lim**. 


More precisely: 

(i) If lim** (@,) exists, then lim® (a,) exists, too, and is equal to 
lim** (a,). re 

(ii) Tf lim® (a,) exists, then a subsequence pi, p2... of 1, 2,... 
le na < ...) exists, such that lim** (a,.) exists and is equal 


ew @ 


to lim (a,). 


a--> @ 
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Observe that the relationship of lim and lim** is similar to the one which 


exists between ‘‘convergence in the mean’’ and ‘‘convergence up to a set of 
measure 0’’ for numerical functions of a real variable. 

10. Consider next (ii). We wish only to mention that it is possible 
to derive a certain division-algebra 3 from any system L satisfying our 
axioms I-VI. This 3 has many similarities with v. Staudt’s “algebra of 
throws.’® While the details cannot be given here, it may be mentioned 
that it is obtained with the help of the following notions, which possess a 
certain interest of their own. 

(14) (a,b, c)D means that (a + b)-c = ac + bc 

This notion can be shown to be symmetric in a, b, c, and self-dual, 
although neither of these two statements is obvious It states that the 
distributive law, which fails in general in L, is exceptionally true for a, b, c. 
For this reason it is an analogue of the notion of commutativity of a, Db 
(a-b = b-a) in non-commutative algebras. 

(15) If S CL then S’ is the set of all those ceL for which a,beS implies 
(a, b, c)D. 

By the above-mentioned analogy, this S’ is the analogue of the S’ of 
operator-ring theory: The set of all operators which commute with all 
elements of S.° It shares some of its properties, for instance: 


(16) Let S be a ring, that is a, beS imply a + 6, a-beS and the existence 
of anxeS witha +x =1,a-x =0. ThenS CS". In other words: 
(a, b, c)D holds not only when two of a, b, c belong to S and one to S' 
(which is definitory) but even if one belongs to S and two to S’. 
Besides, a, b € S’ imply a + 6, a-beS’. 


1It may be of interest to give an example of this correspondence, which can be 
visualized intuitively. As we cannot exceed P;, we must require kn — 1 S 3, that is, 
kn 34. Thus » = 2, k = 2 is the only significant case. Then P = Py-, = Pris 
a line, and P’ = Pzg,—, = Ps; isa 3-space. One verifies easily that: 

(i) Fora = 0 a* = 0. 

(ii) For a = a point, a* = one line of a certain family of lines on a hyperboloid. 

(iii) Fora = P, a* = P,. 

2 G. Birkhoff, loc. cit.’ in the preceding note, p. 445. It is called a “‘B-lattice’’ there. 

3 Loc. cit.,? p. 442, postulate IV. C stands there for our S. 

4 The connection between lattices and the logical structure of quantum mechanics 
will be discussed in a forthcoming paper of G. Birkhoff and the author. 

5 O. Veblen and W. Young, loc. cit.! in the preceding note, pp. 201-202. 

6 This is the combinatorial-geometrical structure of an » — 1-dimensional simplex. 

7 The connection between geometry and Boolean algebra of all subsets of a fixed 
set was pointed out by K. Menger, loc. cit.? in the preceding note, pp. 319-325. Cf. 
also G. Birkhoff, loc. cit.* in that note, pp. 746-747. 

§ Loc. cit.,5 p. 157. : 

9 J. v. Neumann, Math. Ann., 102, 374, 388 (1929); furthermore F. J. Murray and 
J. v. Neumann, loc. cit."* in the preceding note, p. 117. 
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COMPLETE DIFFERENTIAL SYSTEMS 


By JOSEPH MILLER THOMAS 4 
DEPARTMENT OF MATHEMATICS, DUKE UNIVERSITY 


Communicated December 26, 1935 


Consider a complete system S of linear homogeneous partial differential 
equations of the first order 


X, 4 =0 (a = 1,2,...,7). (1) 


Pfeiffer! and later Hoborski? have recently shown by lengthy demonstra- 
tions how (1) can be replaced by an equivalent system such that every 
system S, (A = 1, 2,..., 7) which comprises the first \ equations of S 
is complete. This form of the complete system might be called nested. 
That reduction to nested form is possible is trivial because, as is well 
known, mere algebraic solution of (1) puts it in jacobian form and every 
one of its subsystems is not only nested but also jacobian. 

Both the authors* mentioned, however, have also generalized Jacobi’s 
method of integration, designed for systems in jacobian form, so that it 
can be applied directly to systems which are merely nested. Their method 
can be described concisely as follows. The Poisson parentheses for the 
system S, in nested form satisfy 


(A Xp) = axpX (y = Z. 2; ey d). (2) 


UA. 549 constitute a fundamental set of solutions for S,_,, the ap- 
plication of (2) to y’ gives 


X, (log Xyy"*) = ads (a = 1,2,...,X — 1; A fixed). (3) 


Subtraction applied to (3) for two values of i shows that X,y'/X,y’ is 
a solution of S,_, and hence a function of the y’s alone. 
The result of applying X, to u(y',..., y’) is 


iO 
Cw : (4) 


Accordingly the equation X,u = 0 is equivalent by division to an equa- 
tion in the y’s, whose general solution is the general solution .of S,. 

If the original system is given in nested form, the foregoing method of 
integration is immediately applicable. From this standpoint it is of 
value. If reduction to nested form must precede the integration, how- 
ever, preference of the nested to the jacobian form has to be justified, 
because reduction to the latter is so simple. If the reduction to nested 
form is without special properties, such justification is impossible. We 
shall indicate a special reduction to nested form which seems to present 
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particular interest. Let X, Y be two symbols of a jacobian system. If 
a is a function of the independent variables, we have 


(aX, aY) = (aXa)Y — (aYa)X. 


Hence, if the equations of a jacohian system are all multiplied by the same 
non-zero function, the system remains in nested form. In fact, every one 
of its subsystems constitutes a complete system. Therefore, this nested 
form does not depend upon the order in which the equations are written. 

Now let a be a non-vanishing determinant of order r formed from the 
coefficients of the X’s. If (1) is solved for the corresponding set of r 
derivatives and the resulting equations are multiplied by a, we have a 
simple reduction to nested form in the coefficient ring, whereas reduction 
to jacobian form by solution is performed in the coefficient field. In this 
way, cumbersome denominators and the resulting singularities may be 
avoided. 

It would be of interest to know whether a complete system can be put 
in jacobian form in the coefficient ring. 

1 Pfeiffer, G., ‘La généralization de la méthode de Jacobi,” Acta Math., 61, 203-238 
(1933). This paper had previously appeared in Russian, cf. Zentralblatt fiir Math., 3, 
397 (1932). In acompanion paper, Acta Math., 61, 239-261 (1933), Pfeiffer shows how 
the application of Jacobi’s second method to non-linear systems in a special form leads 


to a nested system. ; 
2 Hoborski, A., ‘Uber vollstandige Systeme,” Prace Mat., 41, 55-63 (1934). 
3 Hoborski’s treatment in this particular is much the simpler. 


ON GENERAL MANIFOLDS 


By EpuArRD CECH 
Tue INSTITUTE FOR ADVANCED STuPY, PRINCETON 


Communicated December 26, 1935 


Let G be an abelian group. LetO <p. A topological space R will 
be called an absolute orientable m-manifold of rank p over G, if it satisfies 
the following axioms: 

I. Risa bicompact space. 

II. dim R = n. 

III. There exists an absolute (m, R)-cycle over G, which is not ~ 0. 

IV. If S # Risa closed subset of R, then every absolute (n, S)-cycle 
over G is ~ 0 over G. 

V. If U isa given neighborhood of a given point x of R, there exists a 
neighborhood V ¢ U of x having the following property: If C” is an 
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(n, R)-cycle mod R — U over G, then there exists an absolute (7, R)-cycle 
Q” over G such that C” ~ Q” mod R — V. 

VI' (oS qs n-— 1). If Uisa given neighborhood of a given point 
x of R, there exists a neighborhood V ¢ U of x such that every (g, R)-cycle 
mod R — U over Gis ~ 0 mod R — V. 

This definition is complete if G is either a bicompact group or a field. 
In other cases the cycles over G may have paradoxical properties and it 
is necessary to add a further axiom excluding this; as a matter of fact, it 
is sufficient to add an axiom excluding paradoxical properties of absolute 
(n, R)-cycles. 

The most important cases arise when G is the group of all real numbers 
mod 1; if our axioms hold true for this particular group, they automatically 
hold true for any G whatever. Besides, in this case axiom III is a conse- 
quence of the remaining ones. 

An absolute n-manifold (orientable or not) of rank p over G is a bi- 
compact space R having the following property: Any point x possesses 
a neighborhood U such that the space obtained from R by considering the 
whole set R — U as a single point is an absolute orientable m-manifold of 
rank p over G. 

In my earlier theory of manifolds (Annals of Mathematics, 1933, 621-730 
and 1934, 685-693) I was obliged to assume that G is a field. Moreover, 
I had three more axioms. Firstly, I had supposed that R has the property 
that every closed subset is a G;, which was a strong restriction. Secondly, 
I had assumed that the highest Betti number is equal to 1, which can be 
proved in the case = O and is an unnecessary restriction in the general 
case. Thirdly, I had the following axiom: 

VII‘ (p S$ q Sn). If Uisa given neighborhood of a given point x of 
R, there exists a neighborhood V ¢€ U of x such that every absolute (m, R)- 
cycle situated in V is ~ 0 in U; now I can prove that this follows from 
other axioms. 


The basic duality theorem for an absolute orientable n-manifold of 
rank p over G is: The pth absolute Betti group over G of R is isomorphic 
with the (n — p)th absolute dual Betti group over H of R, where H 
designates the nth absolute Betti group over G of R. The dual (m — p) th 
Betti group over H is the character group of the ordinary (m — p)th Betti 
group over the character group of H, but it may be easily defined directly. 
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GENERAL THEOREMS APPLYING TO ALL THE GROUPS OF 
ORDER 32 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated December 26, 1935 


The groups of low orders were at first usually determined by tentative 
methods but as group theory has been more generally developed more and 
more of these groups could also be derived as special cases of general the- 
orems. It was noted recently that the fourteen possible groups of order 
16 could be thus determined and in the present article we aim to direct 
attention to general theorems by means of which it is possible to determine 
all the possible groups of order 32. We shall thus be able not only to 
throw new light on this somewhat complex system of groups but also pre- 
pare the way to determine all the groups of certain higher orders by similar 
methods. The methods which are emphasized here are based on the de- 
termination of groups by means of the subgroups contained therein which 
are assumed to be generated in each case by the squares of the operators 
contained in the group. 

If the squares of the operators of a group of order 2” generate a sub- 
group of index 2 the group is known to be cyclic since the squares of the 
operators of such a group generate its ¢-subgroup but when these squares 
generate a subgroup of index 4 comparatively little is known in regard to 
these groups except that each of them contains three and only three sub- 
groups of index 2. When m = 5, this subgroup of index 4 is abelian in 
view of the theorem that if a group involves less than nine operators which 
are generated by the squares of its operators then these squares are rela- 
tively commutative. The groups generated by the squares of the opera- 
tors of a non-cyclic group of order 32 are therefore, besides the identity and 
the group of order 2, the two groups of order 4 and the three abelian groups 
of order 8. The non-cyclic groups of order 32 may therefore be divided 
into seven categories according to the subgroups generated by the squares 
of their operators. 

It has been known for a long time that there is one and only one group of 
order 2” for every positive integral value of m, which satisfies the condition 
that the squares of all its operators are equal to the identity, and it has re- 
cently been established that the number of the groups which satisfy the con- 
dition that the squares of their operators are the group of order 2 is 3(m—1) 
/2 when m is odd and (8m—4)/2 when m is even.! It has been known for 
a long time that there are five and only five groups of order 2”, m > 3, 
which separately satisfy the condition that the squares of their operators 
generate a cyclic subgroup of index 4 since such a group is non-cyclic and 
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involves a cyclic subgroup of index 2. The total number of the groups of 
order 32 which result as special cases of the noted general theorems is 13. 
Hence it remains to determine general theorems relating to the groups of 
order 32 whose squared operators generate one of the following four groups: 
The four groups, the cyclic group of order 4, the abelian group of order 8 
and of type 2,1 and the abelian group of this order and of type? 1°. 

Excluding direct products in which one of the factors is the abelian group 
of type 1” there is one and only one abelian group which is determined by a 
given subgroup generated by the squares of its operators. Hence there are 
three abelian groups of order 32 which have one of the given four groups as 
the subgroup generated by its squares and we shall confine our attention in 
what follows to the non-abelian groups of order 32 which have one of the 
given four groups as the group generated by the squares of their operators. 
We begin with the case when these squares generate the four group and 
we shall at first confine our attention to the special case when the commu- 
tator subgroup of such a group is of order 2. Each of these groups con- 
tains a characteristic subgroup of index 2 generated by its operators of 
order 2 and those of its operators of order 4 (if any) whose squares are the 
commutator of order 2. This characteristic subgroup therefore belongs to 
one of the systems of groups which are determined by the fact that the 
squares of the operators of each group either constitute the identity or the 
group of order 2. 

Since the four group is in the central of every group which has the prop- 
erty that the squares of the operators of the group are the four group it re- 
sults that the given subgroup of index 2 contains at least three invariant 
operators of order 2. When this subgroup is abelian and of type 1” there 
is one and only one such group of order 2”, m > 3. If it is of type 2, 1” 
there is one group of order 16, and there are two groups of order 2”, m > 4. 
In general, if it belongs to any one of the three well-known infinite systems 
of groups whose operators have two and only two distinct squares, there is 
one group whenever this subgroup is the direct product of such a group hav- 
ing a central of order 2 and the group of order 2 and there are two such 
groups whenever the second of the factor groups is the four group. Hence 
there is one such group of order 32 for each subgroup in the two of the given 
infinite systems characterized by the octic group and the quaternion group, 
respectively, and there are two such groups in each of these systems when- 
ever m = 6. Therefore, the totai number of these groups of order 2” in 
which the commutator subgroup is of order 2 is 3m—10, and there are 5 
such groups of order 32. 

When both the subgroup generated by the squares of the operators of a 
group G and its commutator subgroup is the four group then G contains 
an abelian subgroup H of index 2. As the order of this subgroup is at 
least 16 the order of G is at least 32 and there is one and only one such G 
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when H is of type 14. When H is of type 2, 1? there are three such groups of 
order 32. Finally, when H is of type 2? there are two groups in which 
every operator of H is transformed into its inverse. There are also two 
groups in which some but not all of these operators are transformed into 
their inverses and there is one group in which none of these operators is 
transformed into its inverse. There are therefore nine groups of order 32 
which have the four group both for their commutator subgroup and also 
for the group generated by the squares of their operators. Since there are 
five other non-abelian groups of order 32 which have the four group as the 
group generated by the squares of their operators the total number of these 
non-abelian groups is fourteen. 

To determine the non-abelian groups of order 32 which have the cyclic 
group of order 4, as the subgroup generated by the squares of their opera- 
tors we may first consider those under which the operators of this cyclic 
group are invariant. There are two such groups in view of the general 
theorem that there are m-a groups of order 2” which have the property 
that the squares of their operators generate the cyclic group of order 2* 
and that the operators of this cyclic group are invariant under the group. 
One and only one of these m-a groups is obviously abelian. When the 
operators of order 4 in this cyclic subgroup are transformed into their in- 
verses under the group there is a subgroup of index 2 under which they are 
invariant. When this subgroup is abelian there are two groups in which 
each of its operators is transformed into its inverse and there is one group 
in which each of these operators is transformed into its third power. When 
the central is cyclic there is one more group so that there are four groups in 
which the given characteristic subgroup of index 2 is abelian. When this 
subgroup is non-abelian there are two such groups so that there are nine 
groups of order 32 which have the cyclic group of order 4 as the group gen- 
erated by the squares of their operators. 

If a group of order 2” has the abelian group of type 2,1 for the group of 
its squares it involves either the abelian group of type 3,1 or the abelian 
group of type 2? as an invariant subgroup. If such a G is of order 32 and 
involves the former of these abelian subgroups there is one G in which each 
operator of this subgroup is transformed into its inverse and there is also 
one group in which each of these operators is transformed into its third 
power, while there are two additional groups in which the cyclic subgroups 
of order 8 in H are interchanged. Hence there are four such groups when 
the commutator subgroup is of order 4. When this subgroup is of order 2 
there are two additional groups each of which contains also the abelian 
subgroup of type 27. There is one group which involves the abelian group 
of type 2? without also involving the abelian subgroup of type 3,1. Hence 
the total number of non-abelian groups of order 32 which have the group 
of type 2,1 as the group generated by their squares is seven. 
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When a group of order 32 has the property that the squares of its opera- 
tors generate the abelian group of type 1° and involves an abelian subgroup 
of index 2 this subgroup is of type 2,17. There is one and only one such 
group of order 32. If it does not involve an abelian subgroup of index 2 
its commutator subgroup is of order 2 and it involves the direct product of 
the octic group and a group of order 2. There is one and only one such 
group and hence there are two and only two groups of order 32 which sepa- 
rately have the property that the squares of their operators generate the 
abelian group of type 1*. The total number of the groups of order 32 
therefore results from the given theorems. The discrepancy between this 
number and the number given in earlier publications is due to duplicates 
in these earlier enumerations. These duplicates could not be so readily 
. determined by the earlier methods. 


1G. A. Miller, These PRocEEDINGS, 19, 1053 (1933). 

2 For brevity the notation type 1” is here used instead of the more common notation 
type (1, 1,1,...). The corresponding simplifications in the notation representing the 
other abelian groups are also introduced here. 


MINIMAX PRINCIPLE FOR FUNCTIONS 
By M. R. HESTENES 


DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated January 13, 1936 


The purpose of this note is to outline briefly an extension of the general- 
ized minimax principle recently enunciated by Birkhoff and Hestenes.! 
This extension is not a trivial one and is made so that the principle can be 
applied easily to degenerate problems as well as non-degenerate ones. 

The theory here presented is based on a constructive definition of mini- 
max sets by means of suitably chosen sequences of chains. A minimax 
set is essentially the analogue of one or more non-degenerate critical points. 
We use the term ‘“‘minimax’’ rather than “‘critical’’ in order to distinguish 
these sets from other types of critical sets, such as inflectional critical sets. 
One of the advantages of the method here used is that one can determine 
precisely the minimax set determined by a particular chain or class of 
chains. Moreover, it is possible to distinguish between the minimax sets 
determined by different classes of chains even if they overlap. The 
assumption that minimax values are isolated is not needed. 

1. Chains on a Metric Spave-—In order to develop the theory here 
presented it seems necessary to depart somewhat from the conventional 
definition of chains on a metric space 2. This departure is made so as 
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to obtain the relation (1) below. We restrict ourselves to chains, modulo 2. 
The extensions to more general chains is immediate. 

Let x* be a closed singular k-dimensional simplex on 2 and B*x* be its 
boundary. Let u* denote a finite sum 


u® = xt +... 4+ xt 
of simplexes xk, ..., © on Q and let 
Bty* = Bek +... + Btxt 
These sums are not to be reduced modulo 2 as is customary. It is clear 


that B*u* is the sum of (k — 1)-simplexes. We shall say that u* = 0 
(mod. 2) if each non-degenerate simplex in the sum u* appears an even 


number of times. If v* is the sum of simplexes y*, . . ., y* we write 
wt+e eet... te t+ytt+ i... ty! 
By a k-chain X ® is meant a collection of sums #°, u!,.. ., u* of simplexes, 
written, 


X* = [u, w,..., u*] 
such that u'~! + B*u' = 0 (mod. 2) (¢ = 1,...,%). The (k — 1)-chain 
X*-! = [wu ut, ..., u*] 
will be called the boundary of X * and will be denoted by BX*. We say 
that X* = 0 (mod. 2) if u’ = 0 (mod. 2) (¢ = 0,1,...,%). If BX* =0 
(mod. 2) we term X* a k-cycle. By the sum of two chains X*, Y*, where 
y* = [v°, v',..., v*], 
will be meant the chain 
X¥+ VY = [W4+y,...,u* + 0°}. 

We shall say that a chain X* is bounding, written X* ~ 0, if there is a 
(k + 1)-chain X** such that X* = BX**!, Let §* be a class of non- 
bounding k-cycles such that every finite sum of distinct chains in 9" is 
a non-bounding k-cycle. The least upper bound R* of the (cardinal) 
number of chains in classes R* of this type will be called the k-th connec- 
tivity of 2. This definition is equivalent to the usual definition of con- 
nectivity numbers, i.e., Betti numbers modulo 2. 

2. Functional Homologies—Suppose now that we have a real single 
valued function f(x) defined at every point x on 2. We assume that f(x) 
is lower semi-continuous on the domain f S for every integer Q2 and that 
f(x) is bounded from below. 

Consider now a chain X* on Q. Let F(X*) be the least upper bound 
of the values of f(x) on the chain X*. If X* is the null chain we set 
F(X*) = — . It is clear that for two chains X*, Y* we have 


F(X* + Y*) = max. [F(X*), F(Y*)]. (1) 
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A chain X* will be said to satisfy the functional homology 
X*z0 
if there is chain X**1 on f S$ F(X*) and a chain Z* on f < F(BX*) such 
that? 
BX**' = x*+ 2" (2) 


We say that X* = Y* if X* + Y* Z 0. Functional homologies can be 
added but are not in general transitive. If X* 2z 0 then X* will be called 
a minimax chain. Functional connectivities M* can be defined analogous 
to R* above using minimax chains instead of non-bounding cycles. We 
have M* = R*. When the f-connectivities M°®,..., M" are finite so also 
are the connectivities R°, .. ., R* and they satisfy the relation 


M* — M*"?+...+ (-1)*M° = R* — R*-14+...4+ (-1)'R (3) 


3. Deforms and Minimax Sequences.—Let m(X*) be the greatest lower 
bound of.the values F(Y*) for all chains Y* such that X* = Y*. We 
have m(X*) = —o if and only if X* % 0. We assume that m(X*) is 
finite for every minimax chain X*. 

By a deform? of a minimax chain X* will be meant a minimax chain Y* 
such that 


F(X*) = F(Y*), m(X* + Y*) < m(Y). 
This implies that there is a chain Z* on f < m(Y*) such that 
X* + Y* 2 Z*. 
The relation of “being a deform” is transitive but not symmetric. 


A sequence St = {x 3 of minimax chains will be called a minimax 
sequence if the limits, lim F(X*), lim m(X5), exist and are finite and equal. 


n= @ nu=o 


The value m(S*) = lim m(X®) will be called the minimax value of f(x) 


n= © 


of type k determined by S*. Let u(S*) be the accumulation points of all 
sequences {x,} of points such that x, is on X*® and lim f(x,) = m(S*). 


n= oo 
If every infinite subsequence of the sequences {x,} of this type has an 
accumulation point, the set u(S*) will be said to be complete. 

A sequence S* = { Y*} will be called a deform of a minimax sequence 
S* = {X*} if u(S*) C u(S*) and there is a subsequence {Z%} of S* such 
that Y* is a deform of Z* for every integer ~. The relation of “being a 
deform” is transitive. A minimax sequence S* will be said to be con- 
vergent if for every deform S* of S* there is a deform S;* of S* such that 
u(S%) is complete. 

TuHeEorEM 1. If for every integer n there exists a self-compact domain 
Qn (Ly S Qy 41) on Q such that every minimax sequence S* with m(S*) < n 
has a deform on Qy, then every minimax sequence on Q is convergent. 
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In particular if the domain f < n is self compact for every integer m every 
minimax sequence is convergent. In the sequel we shall assume that every 
minimax sequence is convergent. 

4. Minimax Sets—By an admissible class S* of minimax sequences 
will be meant one such that if S* is a deform of a sequence in S* then 
there is deform S* of S* in@*. By the minimax set w(S*) of type k de- 
termined by an admissible class S* of minimax sequences will be meant 
a closed set w on 2 with the following properties. 

A. Let S* be any sequence in S*. If w* is a closed set such that the 
product set w*u(S*) is non-null for every deform S* of S* in G*, then the 
product set w*wu(S*) is also non-null for every deform S* of S* in S*; 

B. No proper closed subset of w has property A. 

Minimax sets never fail to exist for classes of convergent sequences. 
If Q is a self-compact set on a Euclidean n-space and f(x) is of class C’ 
then the derivatives of f(x) are all zero on a minimax set composed of 
interior points of 2. In the case of a positive definite positively regular 
fixed end point problem in the Calculus of Variations, a minimax set is 
in general composed of extremal arcs. In fact minimax sets are in general 
well defined for positive definite quasi-regular problems in the calculus of 
variations. 

An admissible class Gf of minimax sequences will be said to be dependent 
on a second class G§ if every sequence in G* has a deform in S$. Two 
classes will be called equivalent if each is dependent on the other. The 
relations of equivalence and dependence are transitive. Equivalent 
classes determine the same minimax sets. 

THEOREM 2. Let U be a neighborhood of the minimax set determined by 
an admissible class S* of minimax sequences. There is a class Gt which 
is equivalent to S* and is composed of sequences whose chains are on U. 

If S* is the class of all deforms of a particular minimax sequence S* 
we term w(S*) = w(S*) the minimax set determined by S*. We always 
have f(x) < m(S*) on w(S*). If the domains Q, of Theorem 1 can be 
chosen so that f(x) is continuous on Q,, then f(x) = m(S*) on #(S*). In 
the sequel we shall assume that f(x) = m(S*) on w(S*). 

5. Classes of Minimax Chains.—A minimax chain X* will be said to 
be dependent on a class I* of minimax k-chains if for every deform X? 
of X* there is a deform X* of X* which is also a deform of a chain in 
me*. Let M** be the class of all minimax chains dependent on M*. Two 
classes Dt*, M* will be called equivalent if the classes Mti*, My" are 
identical. 

Consider a class I2* of minimax k-chains. Let ©” be the class of all 
minimax sequences composed of chains in M"*. We term the minimax 
set w(S"*) the minimax set w(M,) determined by M*. Equivalent classes 
determine the same minimax sets. The class 2" will be called complete 
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if the class S* of all minimax sequences composed of chains in I" is equiva- 
lent to S"*. If M* is complete, the minimax set w(t") is determined 
completely by the chains in M*. 

THEOREM 3. Let U be a neighborhood of the minimax set determined by 
a class Dt" of minimax chains. There is a complete class Dt* of minimax 
chains on U equivalent to IN* and such that there is no deform of a chain in 
M* on the domain Q — U. 

In fact by the use of relative homologies it can be shown that the mini- 
max set w(M*) and its type number, to be defined below, are completely 
determined by the properties of f(x) in an arbitrary neighborhood of the 
set. 

By a normal subclass Q* of a complete class M* will be meant one such 
that the relation 


m(X* +... + X*) = max. [m(X*), ..., m(X*)] 


holds for every finite set X*, .. ., X* of chains in M* which are deforms 
of distinct chains in 9*. The least upper bound of the (cardinal) number 
of chains in the normal subclasses of Mt" will be called the type number 
T(M*) of M*. Two equivalent complete classes have the same type 
number. For a general class Nt* we define T(M*) to be the type number 
of a complete class equivalent to Dt*. 

Tueorem 4. If M* is the class of all minimax chains on Q and M* 
the k-th f-connectivity of Q with respect to f(x), then T(M*) < M*. The 
equality always holds in case T(D*) is finite. 

It follows that for the classes I‘ of all minimax i-chains the type num- 
bers M’ = T(M’), if finite for i < k, satisfy the Morse relations (3). 


1 Birkhoff and Hestenes, these PROCEEDINGS, 21, 96-99 (1935); Duke Math. Jour., 
1, 413-432 (1935). For further references see: 
Morse, “Calculus of Variations in the Large,’ Colloquium Publications, Am. Math. 
Soc. (1934). 
Morse and van Schaack, ‘‘Abstract Critical Sets,” these PROCEEDINGS, 21, 258-262 
(1935). 
Lefschetz, ‘On Critical Sets,’ Duke Math. Jour., 1, 392-412 (1935); see also these 
PROCEEDINGS, 21, 220-222 (1935). 
Lusternik and Schnirelmann, ‘“‘Méthodes topologiques dans les problemes varia- 
tionels,”’ Actualities scient. et industr., no. 188. 
2It is sometimes useful to replace this condition by the condition that for every 
¢ > O there is a chain X*+1 on f < F(X*) + ¢ and achain Z* on f < F(BX*) + e such 
that the relation (2) holds. 
3 Cf. the papers referred to above. 
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ON THE EXPLOSIVENESS AND DESTRUCTIVENESS OF THE 
1918 EPIDEMIC 


By E. B. WILSON AND M. M. HILFERTY 


HARVARD SCHOOL OF PUBLIC HEALTH 


Communicated December 24, 1935 


Toward the close of an elaborate statistical treatment of the influenza 
epidemic of 1918, Pearl! discusses the relation between the explosiveness J 
and the destructiveness D of the epidemic, between which he finds a high 
correlation 7;p = 0.709 and a regression equation D = 2.74 + 0.1065/. 
The explosiveness is defined? as the ratio J = (P — M)/T where P is the 
death rate (on an annual basis) from all causes during the week in which 
the epidemic reached its (first) peak, M is the mean death rate prior to the 
epidemic, and 7 is the time of rise to the peak; the destructiveness D is 
defined as the (integral) excess mortality rate during a 25-week period 
above what would have been expected had there been no influenza epidemic. 

Whenever one has to deal with a variable such as I which is a function 
of other variables it is interesting to study those other variables in relation 
to it and to any further variables with which it is put into relation. Thus 
the variable = P — M which is the numerator of J correlates* to D 
with 7yp = 0.805 and hence the regression equation of D on p = P — M 
would give a closer representation of D than that of D on J. When it is 
a quotient or a product with which one has to deal it is often better to 
use the logarithms‘ of the variables in place of the variables themselves. 
The correlation between the logarithms of p and D is pyp = 0.850 and 
hence log D may be expressed with still greater fidelity by a regression 
equation on log p; indeed 


D = 0.0406p + 1.985 and log D = 0.620 log p —0.421 (1) 


If D or log D be expressed by a regression equation on the two variables 
p and T, which enter into the index J, or on their logarithms the results are 


D = 0.047p + 0.019T + 1.843 
log D = 0.639 log p +0.104 log T — 0.510 


These equations indicate that T comes in positively® to D, whereas in J 
it comes in negatively, and this suggests that the explosiveness J as such 
should have a negative effect upon the destructiveness D. Indeed the 
partial correlation coefficients rp;, = —0.155 (or on logarithms pp; » 
= —0.142) being negative show that, for epidemics which had the same 
peak-rise = P — M, those of the greater explosiveness were the less 
destructive; the regression equations are in fact 
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D = 0.0585 p — 0.03637 + 1.912, 
log D = 0.743 log p — 0.104 log J — 0.510 


but as the terms in J are statistically non-significant and make very little 
difference in the fit of the regression it would be about as well to write 
the regression directly on p as in (1). 


1 Raymond Pearl, Studies in Human Biology, Chap. XVII. 

2 For a detailed statement of definitions consult Pearl, loc. cit. Note that the 
epidemic is discussed on the basis of deaths from all causes and not on a basis either 
of cases or of deaths from influenza. Hence such questions as changing virulence and 
changing case fatalities and their effects on the course of the epidemic (which were dis- 
cussed in a general way on the background of special hypotheses by Zinsser and Wilson, 
Jour. Prev. Med., 6, 497-514 (1932)) do not arise; explosiveness cannot be assumed to 
be a measure of the rapidity of passage of the pathogenic organism from host to host, 
though there might naturally be supposed to be some correlation between the two. 
In considering the epidemic as a biological catastrophe in the population like famine 
or war the use of deaths from all causes is presumably preferable to the use of deaths 
from influenza as reported. 

3 In computing correlation coefficients we have taken the data given by Pearl, loc. 
cit., as follows: Table 138 on p. 450 gives in column 12 the 25-week excess rate D, in 
column 10 the time T from start to peak, and in column 2 the highest peak P; Table 
152, p. 478, gives in column 2 the explosiveness J (called Js, for Pearl discusses other 
measures of explosiveness). As J = (P — M)/T, the values of P — M may be found, 
and hence M which may be checked against such graphs as those on p. 448. In the 
instances in which we have been unable to check the correctness of the figures we have 
kept J and D as given and modified the values of T or P. For example, for Oakland 
Pearl gives P = 70.5, T = 3, J = 15.1; but M must be about 10 and hence the figures 
are inconsistent, which leads us to substitute the value T = 4for T= 3. Inlike manner 
we use T = 3 instead of T = 4 for Rochester. For St. Louis the first peak is 28.5 and 
for Milwaukee 29.1. 

4 We use logarithms to the base 10. The use of logarithms is suggested not only 
for the algebraic simplification resulting from the conversion of a non-linear (product 
or quotient) expression into a linear one (sum or difference), but because the frequency 
distribution of the 34 values of log p, of log T and of log J seem more nearly normal 
than those of p, T, J—though this appears not to be the case for log D as compared 
with D. If the logarithms of two variables are normally distributed and correlated 
with a coefficient of p and if o, r are the standard deviations of the distributions of the 
logarithms the correlation r between the original variables is 


$ 100°" — 1 
V100? — 1 +/i0er? — 1’ 


(if logarithms are to the base e and ga, 7 are relative to that base we have merely to 
replace 10" by e in this formula). We do not assume that log J and log D are normally 
distributed, but the application of the formula based on that assumption would give 
1 rp = 0.697 (instead of the calculated value r;p = 0.709) from the calculated value p;p = 
0.747. 

5 Epidemiologists often use as the curve of new cases the normal law of distribution 


N . 
= —(t — m)2/20?, N * 
= é = total cases, m = mean time. 
? V 210 





u = 2.3026 
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Such a law involves three constants N, which gives the seriousness or destructiveness 
of the epidemic, which representing a time-spread gives one measure for sharpness or 
explosiveness (really an inverse measure), and m which is a location constant for fixing 
the time of the epidemic. The peak is at t = m with a value p = N/(1/2xc). Hence 
N = ~\/2xpc. Now if more generally, one could write the curve of new cases (or 
correspondingly, that of deaths from all causes in Pearl’s case) as y/p = f[(t — &):T), 
where p is the peak or proportional to it, f& is a constant which merely locates the epi- 
demic in time, and T is like ¢ some estimate of the time of rise, say from the lower 
quartile to the median case, then the destructiveness must be proportional to the product 
p T and each of these variables must come out positively and to the first power, or log 
N = const. + log p + log T. (Actually log D = 0.646 log p +0.102 log T + const. 
so that D is by no means proportional to the product of pand 7.) By definition = p/T 
or log J = log  — log T. We could therefore write 


o? log p — a log T 








Pip = 
V (0? tog P + 07 hog r)? — Pyro? log Ea log T 


and the value p;p could be calculated from the standard deviations of log p and log T 
and from the correlation between them. In this case p,r = —0.324, ie., the shorter 
the time of rise to the peak, the higher the peak and p;p figures by the formula as 0.542 
instead of as 0.746 ascomputed. This analysis shows that no three parameter family of 
curves of the type specified can give a representation of the epidemics in the 34 cities 
in a satisfactory manner. 


SESPE EOCENE DIDELPHIDS 


By CHESTER STOCK 


Batcu GRADUATE SCHOOL OF THE GEOLOGICAL SCIENCES, 
CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated December 27, 1935 


Introduction.—In segregating a number of tiny insectivore and primate 
jaws from the Sespe deposits of California, several specimens were noted 
that clearly belong to marsupials. These are all incomplete but possess 
interest because they record didelphids for the first time in the North 
American upper Eocene and secondly because this group of mammals has 
not been known heretofore in Tertiary faunas west of the Rocky Mountains 
except for a single occurrence in the upper Oligocene John Day assemblage 
of north-central Oregon. 

Description.—Simpson! has referred the known North American Eocene 
didelphids to the genus Peratherium and in the absence of any recognizable 
characters to the contrary the material from the Sespe is likewise referred 
to this genus. Lower jaw specimens are available from two localities in 
the Sespe deposits north of the Simi Valley, California, namely, one from 
Locality 180 and two from Locality 202. 
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Two sizes of individuals are represented by this material, a smaller by No. ' 
1943 from Locality 202 and a larger by No. 1942 from Locality 180 and by ‘ 
No. 1944 from Locality 202. Possibly two species are present, although the f 
size difference may be indicative merely of a variation in this character 
within a single species. Probability that the latter is the case is suggested 
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PLATE 1 


Peratherium species 


Figures 1, la, No. 1942; figures 3, 3a, No. 1944; lateral and oc- 1 
clusal views, X 6. q 


Peratherium californicum, n. sp. 
Figures 2, 2a, No. 1943, type specimen; lateral and occlusal views, 
X 6. Calif. Inst. Tech. Vert. Pale. Coll. Sespe Upper Eocene, 
California. q 
at least by the occurrence of a large and a small form at one locality (202). 
However, until more is known concerning the Sespe didelphids it seems de- 


sirable to recognize two distinct types. The smaller of the two is here 
designated : 


Peratherium californicum, n. sp. 


Type Specimen.—No. 1943 Calif. Inst. Tech. Vert. Pale Coll., a frag- 
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ment of ramus with P3, M1, M2 and the posterior portion of M3, Plate 1, 
figures 2 and 2a. 

Locality.—Sespe upper Eocene, Locality 202. 

Characters.—The individual represented by the type specimen is smaller 
than Peratherium innominatum and is distinctly smaller than P. marsupium. 
Both of these species are known from the Bridger Eocene of Wyoming. 
The trigonids of the molars in the Sespe specimen are low and the talonids 
are relatively short. Length from anterior end of P3 to posterior end of 
M3 is 5 mm. 

The two additional specimens are referred to: 


Peratherium species 


Material.—No. 1942 Calif. Inst. Tech Vert. Pale. Coll., a fragment of 
ramus with M2, Plate 1, figures 1 and la. No. 1944, a fragment of ramus 
with M2, M3 and the posterior portion of M4, Plate 1, figures 3 and 3a. 

Locality. —No. 1942 is from Locality 180 and No. 1944 is from Locality 
202. 

Characters.—These specimens represent smaller animals than that of 
the species Peratherium marsupium, No. 13046 Amer. Mus. Coll. The 
depth of jaw in Nos. 1942, 1944 is more like that in P.innominatum. No 
well defined cingulum is present at the base of the protoconid-paraconid 
blade as in the Bridger species. Length of M2 in No. 1942 is 1.8 mm. 
Length from anterior end of M2 to posterior end of M4 in No. 1944 is 5.5 
mm. 


1 Simpson, G. G., Amer. Mus. Nov., 307 (1928). 


THE BIOLOGICAL ACTION OF NEUTRON RAYS 


By JoHn H. LAWRENCE AND ERNEST O. LAWRENCE 


DEPARTMENT OF INTERNAL MEDICINE, YALE UNIVERSITY SCHOOL OF MEDICINE, 
DEPARTMENT OF Puysics, UNIVERSITY OF CALIFORNIA 


Communicated December 17, 1935 


Introduction.—Neutron rays have the property of penetrating dense sub- 
stances such as lead more readily than light substances containing hydro- 
gen. -This behavior arises from the circumstances that, being uncharged 
particles, neutrons pass unimpeded through electron clouds of atoms and 
are slowed down or absorbed only when they encounter the much more 
dense atomic nuclei. 

The collision of a neutron with the nucleus of an atom is understandable 
in very simple terms; for both neutron and nucleus behave as tiny, very 
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dense, solid spheres.1_ The neutron has a mass very nearly equal to that of 
the hydrogen nucleus, the proton, so that in a head-on collision the proton 
recoils with the full speed of the neutron while the neutron is brought to 
rest. Glancing impacts likewise give rise to recoil protons of various 
smaller speeds with the result that neutrons on the average lose half their 
energy per collision. On the other hand, when a neutron strikes the nu- 
cleus of a heavy element, as for example lead, which is more than two 
hundred times heavier, the neutron rebounds with little loss of energy. 
Momentum is conserved in the impact and the heavy nucleus recoils with 
a small amount of energy which is in inverse proportion to its mass. The 
latter situation is not unlike a billiard ball colliding with a cannon ball. 

It is for this reason that neutrons are able to penetrate such great thick- 
nesses of dense substances—for inasmuch as little energy is lost in each im- 
pact, the neutrons make many nuclear collisions and hence travel great 
distances before being brought practically to rest. Likewise, it is clear 
that they are more readily absorbed in substance containing hydrogen such 
as biological materials. 

The recoil nuclei, resulting from the passage of neutrons through a sub- 
stance, being heavy charged particles, rapidly lose their acquired kinetic 
energy by intense ionization along their paths. Recoil protons produce 
more than one hundred times as much ionization per unit distance of path 
as is produced by secondary electrons generated in matter by x-rays. In 
other words, in ionizing power the recoil particles are similar to alpha rays 
rather than electrons. 

This vastly different mode of ionization by neutron rays at once raises 
interesting questions concerning their biological action. In the case of x- 
rays there is some evidence? that the biological effects produced are pro- 
portional to the total amount of ionization, quite independently of the 
wave-length of the x-rays which influences the distribution of the ionization. 
It might be inferred from this that neutron rays would manifest themselves 
biologically in a manner indistinguishable from x-rays, that the mecha- 
nism of ionization and the mode of distribution is of no importance. How- 
ever, Zirkle* has shown by a series of careful experiments with alpha rays 
that biological action in the case of the fern spore (Pteris longifolia) does 
depend on the distribution or intensity of the ionization in the cell. He 
finds that along its path over which the density of ionization varies by a 
factor of two, the alpha particle has a biological effectiveness that varies 
about as the five halves power of the ion density. Thus, although this em- 
pirical law probably does not hold over a wide range including the ioniza- 
tion produced by x-rays, Zirkle’s experiments nevertheless point very 
strongly to the conclusion that neutron rays which generate ionizing par- 
ticles like alpha rays within the substance, are much more biologically ef- 
fective per unit of ionization than x-rays. This is a matter which is of 
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much interest from the standpoint of our understanding of the fundamental 
processes involved, and also is of great practical concern; for it is important 
to have some information on the biological action of neutrons as a basis for 
precautionary measures to safeguard the health of those working with this 
new radiation. ' 

With these considerations in mind some experiments have recently been 
carried out in the Radiation Laboratory of the University of California. 
A study of the effects of neutrons on the blood of rats which is the subject 
of this paper, and an investigation of the growth inhibiting effect of the 
rays on wheat seedlings, reported in an accompanying paper by Zirkle and 
Aebersold, corroborated each other in pointing to the conclusion that neu- 
tron rays are in fact considerably more effective biologically than x-rays. 
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Showing the fall in lymphocytes after irradiation with neutrons. 


Experimental Procedure.—Various considerations made it apparent that 
a simple mode of attack which would yield significant information would be 
to compare as directly as possible the biological effects of neutron rays and 
x-rays. Changes produced in the blood picture of rats was chosen as a 
convenient indicator of biological action, partly because the blood picture 
of the rat is well known and partly because these small animals could be 
placed near the source of neutrons where the radiation intensity (and there- 
fore biological effect) was great. 

Accordingly, the procedure of the experiments was simply to expose rats 
to measure dosages of neutrons and x-rays and to follow through the course 
of days the blood counts of the exposed rats along with controls taken from 
the same litter. 

Physical Measuremenis.—The neutron radiation was produced by bom- 
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barding a beryllium target with several microamperes of 3.5 million volt 
deuterons.‘ Although there is no difficulty in recognizing the fact that the 
reaction of these high speed deuterons with beryllium nuclei is the most 
intense source* of neutrons at present available, it is not an easy matter to 
measure the number and the speed of the neutrons emitted from this or 
any other source. In the present experiment, however, we were not espe- 
cially interested in the neutrons themselves, but in the ionization they pro- 
duced in the tissues of the rats. A measure of this was obtained by placing 
in the position occupied by the rats during exposure an air ionization 
chamber which had previously been calibrated in roentgen units. In this 
way, neutron dosages could be expressed arbitrarily in these x-ray units, 
and in that sense the neutron effects could be compared directly with the 
x-ray effects. . 

From the considerations outlined in the introduction, it is evident that 
such a procedure does not compare directly the ionization produced by the 
neutrons and that by the x-rays in the tissues of the rat. It is to be ex- 
pected that since organic matter is relatively rich in hydrogen, the ioniza- 
tion of the neutrons in the rats would be relatively greater than that by the 
x-rays. On the other hand, a very probable process of ionization of air by 
neutrons is one in which nitrogen is disintegrated with the formation of 
boron and alpha-particles. The alpha-particles are formed with a great 
deal of energy, and accordingly produce a great many ions in the air. There 
are possibly still other nuclear processes that give rise to ionization by the 
neutrons, in both air and the tissues of the rat in addition to that produced 
by recoil nuclei formed in nuclear collisions. Fortunately, however, the 
net effect of all ionization processes can be determined by experimental 
test. 

In order to get a direct measure of the ratio of the ionization per roentgen 
of neutrons and x-rays in the rat, the air ionization chamber was filled 
with methane, and the change in the ionization in the chamber produced by 
a neutron beam of constant intensity was noted. It was found that re- 
placing the air with methane increased the ionization by a factor of 3. On 
the other hand, the x-ray ionization was reduced to 5/7 because of the lower 
density of the organic gas. The increase in the neutron ionization in 
methane is ascribable largely to the presence of four hydrogen atoms per 
molecule. In the tissues of the rat the proportion of hydrogen is something 
like half as great, so that the ionization factor for the neutrons would be 
more like 1.5. Taking account also of the factor °/; for the x-rays, then, it 
is estimated that one roentgen of neutron rays produces something like 2.1 
times as much ionization in the rat as an equal dosage of x-rays. 

In practice it was found convenient to measure the neutron dosages by 
the radioactivity induced in pieces of sulphur placed adjacent to the rat. 
When sulphur is exposed to the neutron rays, radio-phosphorus is formed, 
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and since the half-life of this substance is more than two weeks, the amount 
of radioactivity generated in the course of exposure is accurately propor- 
tional to the total exposure. It was, of course, a very easy matter to mea- 
sure the radioactivity of the pieces of sulphur with an ordinary ionization 
chamber, and also it was a simple matter to calibrate these radioactive in- 
dicators in terms of roentgen units. 

For the sake of radiation intensity, the rats were placed in positions as 
near the beryllium target as possible. Their heads and hind legs were 
about 4 cm. and 14 cm., respectively, from the target. By comparing the 
radioactivity produced simultaneously in several pieces of sulphur in vari- 
ous positions, it was possible to determine the intensity of the neutron radia- 
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FIGURE 2 
Showing the fall in lymphocytes after irradiation with neutrons. 


tion at various points. Over the body of the rat, the radiation varied in 
intensity by more than a factor of 2, and the intensity in the region 1 cm. 
below the shoulders of the rat was taken as an average value. This arbi- 
trary procedure is doubtless open to much question and precludes really 
quantitative conclusions. 

The emission of neutrons from the beryllium target was such as to pro- 
duce average exposures to the rat of 0.15 r per microampere per minute. 
Deuteron currents up to 6 microamperes were available so that exposures of 
100 roentgens were obtainable in about an hour and a half. 

Inasmuch as the neutrons were comparatively little absorbed in the rats, 
it was thought desirable in making comparisons with x-rays, to use corre- 
spondingly penetrating radiation. Accordingly the rats were exposed to 
x-rays generated by the Sloan x-ray machine of the University of California 
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Hospital, operating at 900,000 volts with the radiation filtered “through 
1 mm. of lead. All animals were exposed for one hour at varying'distances. 
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TABLE 1 
BEFORE IRRADIATION AFTER IRRADIATION 
TOTAL 
WwW. B. <. P. L. LYMPH. wa.$c PB L. 
X-ray 
14,800 18 80 11,840 8,325 30 69 5,740 
16,250 15 13,487 7,975 27 71 5,662 
17,450 17 82 14,309 3,350 54 45 1,507 
12,750 20 77 9,817 2,775 76 23 638 
15,600 18 80 12,480 125 30 70 88 
11,800 10 88 10,384 11,400 2 95 10,830 
12,400 25 75 9,300 15,500 33 64 9,930 
12,600 16 79 9,954 9,250 138 87 8,047 
Neutron 

15,400 9 88 12,782 5,900 69 4,071 
17,500 21 70 12,250 6,725 49 3,295 
22,400 10 82 18,368 5,400 26 69 3,726 
14,600 21 69 10,074 13,300 22 77 10,241 
16,350 20 72 11,772 4,750 28 59 2,802 
13,600 5 94 12,784 5,100 29 71 38,621 
15,025 6 81 12,170 6,400 43 52 3,328 
9,000 16 79 7,110 1,450 43 49 710 
26,250 19 75 19,687 1,500 76 20 300 
10,950 23 72 7,884 11,750 22 73 8,577 
6,350 9 85 5,397 650 44 40 260 
9,950 21 64 6,368 1,550 68 26 403 
400 86 6 24 
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The same ionization chamber was used for both the neutron and the x-ray 
dosage measurements. 

-Biological.—The rats used were albino, some of them of the Wistar strain, 
Due to the small size of the compartment avail- 
able for neutron exposure, it was not possible to use fully matured rats but 
since the blood picture of these rats at 80 to 90 days of age is that of the fully 


2'/. to 3 months of age. 
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grown rat, and since the ages of the rats were the same in the groups ex- 
posed to x-rays and neutrons, there was no objection to using them. Males 
and females were used indiscriminately. All of the animals were kept un- 
der the same conditions and on the same standard diet. Blood was ob- 
tained from the tail by cutting off a small portion with a razor blade. The 
studies included counts of the total number of white and red cells, differen- 
tial counts of the white cells, and observation of the general condition of the 
animals after exposure. Counts were done daily for several days before 
irradiation, then daily for the first three days after exposure, and then less 
frequently until return to normal or the death of the animal. The normal 
blood picture of the strain of rats used showed on the average from 10,000 
to 15,000 white blood cells per cu. mm. but some animals had lower and 
others higher values. In the differential counts the lymphocytes predomi- 
nated, being on the average 75 to 80 per cent with 15 to 20 per cent poly- 
morphonuclear leukocytes. The values for the red cells varied between 
7,000,000 and 9,000,000 cells per cu. mm. 

Resulis.—In the leukopenia produced by exposure of rats to x-rays, it is 
well known that the lymphocytes are affected to a greater degree than the 
other white cells. This proved to be true also in the leukopenia produced 
by exposure to neutrons. In table 1 are given the values for the white 
blood cells with percentages of neutrophilic polymorphonuclear cells and 
lymphocytes, before and after irradiation, for the animals exposed to x-rays 
and neutrons, respectively. The lowest value for the lymphocytes after 
irradiation was taken and this usually was within the first three days. 
The values for the control animals are also included, the second value being 
the lowest of the subsequent counts. In the last column is given the per 
cent of original lymphocytes per cu. mm. for the minimum after irradiation. 
In figures 1 and 2 the total number of lymphocytes are plotted against days 
after irradiation of some of the animals. In the case of those animals ex- 
posed to less than 100 r units of x-rays, there was no fall in the number of 
white cells. In those animals receiving up to 500 r units of x-rays there was 
a fall with a gradual return of the counts to normal, and there were never 
any signs of illness. The two animals receiving 900 r units of x-rays, de- 
veloped a progressively increasing leukopenia, and died on the 11th and 
16th days after exposure. The animals which were exposed to from 14 to 
45 r units of neutrons, always developed a leukopenia, followed by a grad- 
ual return to normal without signs of illness. Rats Nos. 20, 5 and 1 re- 
ceived relatively large doses of neutrons. No. 20 receiving 72 r units over 
a period of 1 hr. 50 min., developed a marked leukopenia. On the fifth 
day after irradiation, the animal was obviously sick, with rough fur and” 
arched back, was not taking food or water, and had lost weight. The total 
number of white cells increased (see Fig. 2) and the red cells increased from 
9,600,000 to 13,000,000. Crusting lesions developed about the eyes which 














VoL. 22, 1936 PHYSICS: LAWRENCE AND LAWRENCE 131 


finally became sealed shut and swelling of the tissues around the mouth 
occurred. The animal died on the 11th day after exposure (see Fig.3). At 
autopsy there were no gross abnormalities other than the sloughing lesions 
of the eyes including the eyeballs and swelling of the tissues around the 
mouth. Previous to death the animal lost weight markedly, which with 
the increase in white and red cells, were interpreted as evidence of dehydra- 
tion. 

Rat No. 5 receiving 160 r units died nine days after exposure with a pic- 
ture similar to No. 20. 

Rat No. 1, a young animal receiving 230 r of neutrons, died three days 
after exposure, the day previously having been ruffled and hunched with 





FIGURE 3 


Rat No. 20, before death. This animal received 72 r units of neutrons. 
Note the lesions of the eyes. 


eyes closed. No increase in the white cells occurred before death. Thus, 
those animals dying after exposure to neutrons, unlike the two animals 
dying after exposure to 900 r units of x-rays, developed necrotizing lesions 
about the head. These lesions may be secondary to infection, or due di- 
rectly to the effect of neutrons on the tissues. Further work is necessary 
to clarify this point. Incomplete data on the weights of the animals after 
irradiation indicate that the suppression of gain in weight is relatively 
greater for neutrons. Rat No. 41, which received 31 r units of neutrons, 
gave birth to a litter of eight normal offspring, thirty days after irradiation. 
The young developed normally. In the rats receiving up to 500 r units of 
x-rays there was no significant change in the number of red cells per cu. 
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mm. However there was a marked decrease in the number of red cells in 
those rats exposed to 900 r units. After irradiation with neutrons, there 
was a tendency toward a decreasing red cell count, except in those animals 
receiving the higher doses, when there was an increase due probably to 
dehydration. 

In figure 4 are plotted the dosages of x-rays and neutrons against the per 
cent of original lymphocytes per cu. mm. for the minimum after irradia- 
tion. The basic points for these curves are those values obtained when two 
rats were exposed to the same dose. These curves suggest that as mea- 
sured by the fall in the total number of lymphocytes, neutrons are roughly 
ten times as biologically effective as x-rays. This factor is also suggested 
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Curves showing per cent of original lymphocytes for minimum after irradia- 
tion with x-rays and neutrons. 


by the dosages necessary to produce death in the two types of irradiation. 

Discussion.—These experimental results show that for irradiation in 
terms of roentgens, neutron rays are roughly ten times as biologically effec- 
tive as x-rays, in respect to alteration of the blood picture of the rat. It 
follows, from the considerations brought out above, that per unit of ioniza- 
tion in the rat, neutrons are possibly five times as biologically effective. 
This means that in this case ion distribution does play a réle in biological ac- 
tion. However, inasmuch as the ion densities produced by the neutrons 
and x-rays differ enormously (more than one hundredfold), it is evident 
that the biological effectiveness of ionizing radiation is a very slowly vary- 
ing function of the ion distribution. It would seem to follow, therefore, 
that at least in regard to blood changes in the rat the biological effective- 
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ness of x-rays per roentgen is practically independent of the wave-length of 
the radiation, since over the useful range of wave-lengths the ion distribu- 
tion varies appreciably less than by a factor of ten. 

From long experience, roentgenologists have established that the maxi- 
mum dosage of x-rays which a human being can tolerate daily, without ap- 
parent harm, is 0.1 roentgen. If it is assumed that neutron rays produce 
similar biological effects to those produced by x-rays, and this assumption 
might well be questioned, it follows from the present experiments that the 
maximum allowable daily dosage of neutrons is 0.01 roentgen. This should 
constitute a warning inasmuch as many laboratories will soon be using 
neutron generators of such power that individuals in the vicinity of the 
apparatus will be exposed to many times this allowable dosage in the course 
of a few minutes unless adequate protective screening is provided. 

We are indebted to many of our associates for assistance in these experi- 
ments and we want to expresss our thanks especially to Dr. R. E. Zirkle 
and P. C. Aebersold for their cordial codperation and to Miss M. E. Mc- 
Laughlin who did some of the blood counts. We wish to thank also Dr. 
R. T. Legge for his kindness in placing at our disposal the laboratory facili- 
ties of nearby Cowell Memorial Hospital; and Dr. R. S. Stone for the use 
of the high voltage x-ray machine in the University Hospital. The rats 
used in these experiments were kindly furnished us by the Institute of Ex- 
perimental Biology and the Department of Zodlogy of the University of 
California. We acknowledge with thanks also gifts of certain essential 
materials from the Beryllium Products Corporation and from the Climax 
Molybdenum Company. 

We are grateful for the general support of the Research Corporation and 
the Chemical Foundation and for a grant-in-aid of this investigation from 
the Josiah Macy, Jr., Foundation. 


1J. R. Dunning, Phys. Rev., 45, 586-600 (1984). 

2 This matter is still controversial. The literature concerning the wave-length 
factor has been reviewed by C. Packard, Am. Jour. Cancer, 16, 1257-1274 (1982); and 
by G. Failla, Am. Jour. Roentgenol., 29, 352-362 (1933). 

?R. E. Zirkle, Am. Jour. Cancer, 23, 558-567 (1935). 

4A description of the magnetic resonance accelerator that provided the high speed 
deuterons, and therefore the neutrons, for these experiments has been published (E. O. 
Lawrence and M. S. Livingston, Phys. Rev., 40, 19-35 (1932)). 

* Gamma rays are also emitted from the beryllium target. However, measurements 
with the Wilson Cloud Chamber showed that the ionization produced by the gamma 
rays was only a few per cent of that produced by the neutrons. 
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RELATIVE EFFECTIVENESS OF X-RAYS AND FAST NEUTRONS 
IN RETARDING GROWTH 


By RayMmonp E. ZIRKLE AND PAUL C. AEBERSOLD 


JoHNSON FOUNDATION FOR MEDICAL Puysics, UNIVERSITY OF PENNSYLVANIA 


DIVISION OF ROENTGENOLOGY, UNIVERSITY OF CALIFORNIA MEDICAL SCHOOL 


Introduction.—Ever since the discovery of the neutron! there has been an 
obvious need for the investigation of its biological action. However, only 
recently has a source of sufficient intensity been developed. This is a 
beryllium target bombarded by deuterons in the latest form of the “‘cyclo- 
tron’’ of Lawrence and Livingston.” With this apparatus small biological 
objects can be placed where the air ionization of the neutrons amounts to 
as much as two roentgens per minute, an intensity with which measurable 
effects can be produced upon relatively sensitive biological systems. 

Although the absorption of either x-rays or fast neutrons results in the 
production of ions, the distribution of ions is markedly different in the two 
cases. Since this is thoroughly discussed in the preceding paper by Law- 
rence and Lawrence, we shall here describe this difference but briefly. 
When x-rays are absorbed, fast electrons are ejected from the absorbing 
atoms, and these electrons ionize thousands of other atoms in the surround- 
ing matter through which they pass. The paths which they describe be- 
fore being brought to rest are relatively long, and the ions are spaced rela- 
tively far apart. On the other hand, the absorption of neutrons sets in 
motion atomic nuclei, whose masses are thousands of times as great as that 
of an electron. These heavy particles describe relatively very short paths 
along which the ions are some hundreds of times as concentrated as in the 
paths of electrons. 

From these considerations and the observation that in the case of the 
fern spore irradiated with alpha particles* the biological effectiveness per 
ion increases markedly with closer spacing in the paths, it would seem rea- 
sonable to expect that a given number of ions produced by neutrons would 
be considerably more effective than the same number produced by x-rays. 
This expectation has been realized both in the experiments by Lawrence 
and Lawrence on the rat (preceding article) and in our experiments with 
the wheat seedling. 

Biological Material and Methods.—The wheat seedling was chosen for 
use because its small size made possible the simultaneous irradiation of 
hundreds of organisms in the limited space available in the ‘‘cyclotron,” 
and because its high sensitivity enabled us to obtain measurable effects 
with practicable lengths of exposure. Other advantages of this material 
are its ready availability in the stage of development desired and the ease 
and rapidity with which the degree of biological effect can be measured. 
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The general method of handling the seedlings was similar to that de- 
scribed by Failla and Henshaw.‘ All experiments were carried out at room 
temperature (about 20°C.). 

The wheat grains (variety Big Club) were soaked in tap water for three 
hours and then spread in a single layer on water-soaked filter paper where 
they were allowed to remain for 12 hours longer before irradiation. At this 
time the primary roots of the seedlings were just beginning to emerge. 

After irradiation the seedlings were carefully planted, groove down, on 
pads of water-soaked filter paper contained in large petri dishes. Each 
experimental lot consisted of from 20 to 30 seedlings, which were distributed 
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FIGURE 1 
Arrangement for irradiation with fast neutrons from a beryllium target bombarded with 
deuterons. 


equally among the several dishes necessary for a given experiment. The 
same was true of the non-irradiated controllots. This precaution was taken 
to avoid errors due to possible differences in temperature or other factors 
among the various dishes. 

Forty-eight hours after irradiation the lengths of the primary and the 
two lateral roots of each seedling were measured and recorded. Occa- 
sionally a root completely failed to grow, in which case the data for the 
entire seedling were discarded. The percentage of normal linear growth 
for each irradiated lot was then determined from the average linear growth 
of that lot and the corresponding value for the non-irradiated controls. 

Physical Measurements.—The x-ray exposures were made with the Sloan 
high voltage installation at the University of California Hospital, the oper- 
ating conditions being 900 kv. peak voltage, current 3 milliamperes, filters 
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3 millimeters each of copper, steel and lead. The wheat seedlings were 
placed in a single layer supported by moist gauze 70 centimeters below the 
target. At this distance the intensity, measured with a large open air ioni- 
zation chamber, was 15 roentgens per minute. 

The operating conditions of the “cyclotron” were: average deuteron cur- 
rent, 5 microamperes; deuteron energy, 4.2 million electron-volts. In 
some experiments the wheat seedlings were put in small test tubes lined 
with moist filter paper and placed as close as possible to the beryllium tar- 
get. The average distance under these conditions was 5 centimeters and 
the intensity about 2 roentgens per minute. In other experiments the 
seedlings were spread on aluminum slides covered with moist filter paper, 
and the slides were placed as shown in figure 1. Five lots, occupying the 
concentric zones shown in the figure, were irradiated simultaneously. The 
intensity at the various zones ranged from 0.4 to 1 roentgen per minute. 
As in the experiments of Lawrence and Lawrence (preceding paper), sulphur 
targets were used as integrating dosimeters. One of these targets was 
placed in a standard position (see Fig. 1) during each exposure, and the 
activity of the radiophosphorus formed was measured 24 hours after expo- 
sure with a sensitive quartz-fibre electroscope. The unit of activity of the 
targets (electroscope divisions per second) was calibrated in roentgens 
against a Victoreen “Proteximeter’’ placed at the position shown in figure 1. 
The dosage at the position of the ‘“‘Proteximeter’’ was found to be 0.00021 
roentgens per electroscope division per second, and from this value the dos- 
age at other positions could be calculated by the inverse square law. The 
validity of the inverse square relation was established approximately by 
observations with a small ionization chamber at various distances from the 
source of neutrons. Similar observations with sulphur targets indicated that 
the decrease in intensity with distance was slightly greater than expected 
from the inverse square law. This discrepancy was probably not significant. 

Results.—The results are summarized in figure 2, where percentage of 
normal linear root growth is plotted against dosage in roentgens. The 
experimental points for the x-rays were obtained in two distinct series of 
exposures and the same was true for the neutrons. 

It is to be noted that the experimental points, as plotted, all cluster 
about the same smooth curve. However, the scale of abscissae for the 
neutron doses is twenty times as great as that for the x-ray doses. Hence, 
it is evident that a roentgen of fast neutrons is as effective in retardation of 
growth as 20 roentgens of x-rays. However, as explained in the preceding 
paper by Lawrence and Lawrence, a consideration of the different modes of 
ionization by the two types of radiation shows that a roentgen of neutrons 
must produce twice as much ionization ‘in tissue as a roentgen of x-rays. 
Hence, im tissue, one ion produced by neutrons is as effective as ten ions 
produced by x-rays. 
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Discussion.—The question now arises: Is the ratio of neutron effective- 
ness to x-ray effectiveness the same for all biological reactions? This 
would seem to be answered in the negative by the experiments of Lawrence 
and Lawrence, who estimate this ratio to be 5 for reduction in leucocyte 
count in rats as compared to our value of 10 for retardation of growth in 
the wheat seedling. However, since considerable uncertainty exists con- 
cerning the average intensity of the neutrons at the parts of the rat actually 
affected, the ratio may really be considerably greater than 5. The point 
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Retardation of growth by fast neutrons (black circles) and by 
x-rays (open circles). Experimental points represent average 
growth of primary and lateral roots. 


therefore remains unsettled until more accurate determinations can be made 
upon the rat or some other biological object. 

This general question is of more than theoretical interest, for it bears di- 
rectly upon the possibility of using fast neutrons in the treatment of tumors. 
If the ratio of neutron effectiveness to x-ray effectiveness is the same for all 
cells and tissues, then it is plain that neutrons can be no better for tumor 
therapy than hard x-rays. The ratio of effectiveness upon tumor tissue to 
that upon normal tissue would be the same for both types of radiation. 
On the other hand, if the ratio of neutron effectiveness to x-ray effectiveness 
is not the same for all biological systems, there exists the strong possibility 
that this ratio may be lower for normal tissue than for tumor tissue, in 
which case there would be a distinct advantage in using neutrons. 
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The results of our experiments are of considerable interest with respect 
to the mechanism of action of ionizing radiations. We now know three 
very diverse biological reactions—reduction of leucocyte count in rats, re- 
tardation of growth in wheat seedlings and inhibition of germination in 
fern spores*—for all of which the effectiveness of a given amount of ioniza- 
tion per cell is greatly increased by increase in the concentration of ions in 
the paths of the ionizing particles. The neutron experiments are of further 
interest in that they show that the empirical five-halves-power relationship 
which exists between the ion concentration in the paths of alpha particles 
and the effectiveness of these rays upon the fern spore cannot hold for the 
entire known range of ion concentration. If it did, the ratio of neutron 
effectiveness to x-ray effectiveness would be tremendously greater than 10. 
This matter is discussed at greater length in the preceding article by Law- 
rence and Lawrence. 

Summary.—The relative effectiveness of fast neutrons and x-rays in re- 
tarding the growth of wheat seedlings has been measured. 

The effectiveness of a roentgen of neutrons is 20 times as great as that 
of a roentgen of x-rays. 

In tissue, the effectiveness of a given amount of ionization by neutrons is 
as great as that of 10 times as much ionization by x-rays. 

We have enjoyed throughout the active codperation of Professor E. O. 
Lawrence, and one of us (R. E. Z.) is particularly indebted to Professor 
Lawrence for the opportunity of using the facilities of the Radiation Labo- 
ratory and to all the workers in this laboratory for their helpful codpera- 
tion. Also one of us (P. C. A.) participated in this work as a fellow in 
Radiation Studies supported by the Christine Breon Fund for Medical Re- 
search. 

We are much indebted to Doctor R. S. Stone, University of California 
Hospital, for his interst in the work and to Mr. M. C. Chaffee for assistance 
with the x-ray exposures. 

The investigation was aided by grants from the Josiah Macy, Jr., Foun- 
dation, the Research Corporation and the Chemical Foundation. 


1 J. Chadwick, Nature, 129, 312 (1932). 

2 E. O. Lawrence and M. S. Livingston, Phys. Rev., 40, 19-35 (1932); 45, 608-12 
(1934). 

*R. E. Zirkle, Amer. Jour. Cancer, 23, 558-67 (1935). 

4G. Fallia and P. S. Henshaw, Radiology, 17, 1-43 (1931). 
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ON THE COLOR OF CRATER LAKE WATER 
By Epison Petrit* 


CARNEGIE INSTITUTION OF WASHINGTON, MouNT WILSON OBSERVATORY 


Communicated December 18, 1935 


Whoever visits Crater Lake National Park in southern Oregon and sees 
the lake for the first time on a clear day is astonished at its deep blue color. 
If he descends the crater wall about a thousand feet to the lake and views 
the water from a boat, the color deepens to a dark indigo, and even the 
bubbles that rise in the wake of the boat seem to have this color. 


The lake, 6177 feet above sea level (1908), is in the crater of an extinct 
volcano, elliptical in shape, 4.8 miles in N-S diameter and 5.5 in E-W di- 
ameter. The crater walls, wooded in some sections but for the most part 
bare, rise abruptly from the shore, in some parts nearly two thousand, in 
others only about five hundred feet. A volcanic cinder cone (Wizard Is- 
land) about 0.9 mile in diameter, separated from the western shore by Skell 
Channel, a thousand feet wide, rises 763 feet from the lake. The only 
other projection from the lake surface is the Phantom Ship, a pinnacled 
formation 250 feet off the southeastern shore, about 290 feet diameter and 
162 feet high. Two low submerged cones also exist. The deepest part 
of the lake is nearly 2000 feet, but the general average is approximately 
1500. The water level seems to show little secular change; its present 
position is only 12.8 feet below the 1895 and 1905 levels. 


The only known source of water supply is the precipitation which falls 
within the crater, and, while no surface drainage exists, it is supposed that 
some water escapes through underground channels since precipitation con- 
siderably exceeds evaporation. 


The temperature of the lake is rather low even in summertime, varying 
from a maximum of about 64°F. at the surface to a constant temperature 
of 38° for all depths greater than about 400 feet, most of the gradient being 
within 50 feet of the surface. Occasionally in winter thin scum or slush 
ice will form. No data on the relative wind disturbance on Crater Lake 
compared with that on other lakes of North America has come to the 
author’s notice. Comparatively little sediment is carried into the crater 
by the melting snow on the inner slope of the bowl, since 82 per cent of the 
precipitation reaches the lake surface directly, the bowl acting like an im- 
mense rain gauge. The precipitation which falls upon the inner walls of 
the crater (mostly snow) reaches the lake in a group of small torrents. At 
the mouth of each torrent the light-colored muddy water spreads out in a 
small fan in strong contrast to the deep blue of the lake. Since the walls of 
the crater contain comparatively little soft material (being of volcanic ori- 
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gin), probably what reaches the mouths of these torrents is immediately 
deposited as a rain of fine rock particles. 

Thus it is seen that the original water supply is of considerable purity 
and that the small temperature gradient and the slow drainage conspire to 
produce a static condition favorable to a dust-free state. The organic 
matter in the lake is small, owing probably to its isolation and low tempera- 
ture. Diatoms are found in most parts, and their shells cover the floor. 
Water plants are rare, and (according to Hubbard and Brode) the plantings 
of fish depend chiefly on insects, snails, daphnia, annelids and implanted 
shrimp for food. During the early summer months pollen from the pine 
trees within the crater falls upon the surface. According to Brode only 
the empty pollen shells are found on the floor of the crater, and the pollen 
itself probably decays and dissolves before it can go far below the surface 
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PLATE 1A 


Spectrophotometry of Crater Lake water (X 4). (a) Spectrum of iron arc with wave- 
length scale in yw. (5) Spectrum of light from carbon arc scattered by Crater Lake 
water. (c) Spectrum of direct light from carbon arc. Note that the intensities in (0) 
and (c) are equal in the yellow at \ 0.554 but that (b) is much more intense in the 
scattered light in the violet and ultra-violet. Compare for example the brilliant cyano- 
gen band A 0.3883 yu in the two spectra. 


The bottom ooze otherwise consists of sand, fine sand, pumicite and a not 
inconsiderable amount of organic decay. Most of the plankton occurs at 
depths greater than 100 feet. 

Physical and Chemical Characteristics —In 1934 a sample of the water 
was collected in an evacuated tube a few hundred feet off shore below the 
Sinnott Memorial by Mr. J. S. Brode. This was tested in the laboratory 
with the following results: 

(a) Total Solids.—88 parts in one million; color white. Potable water 
is generally allowed up to 500 parts. 

(6) Organic Solids.—After low temperature ignition only a trace of 
blackness was visible; no odor detectable. 

(c) Color.—Dissolving the solids in HCI revealed no color. 

(d) Chlorine.—10 parts per million. Potable water is generally allowed 
up to 12.1 parts. 
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(e) Sediment.—Eleven additional samples similar to the above, collected 
at different points over the lake in Pyrex tubes 28 inches long by 2 inches 
diameter, were examined in strong light for sediment which had settled 
since they had been shipped (2 weeks). A light flaky sediment arose on 
shaking, nearly colorless and evident only on close examination. These 
observations were repeated at the lake in 1935 on eight samples a few hours 
after collection. Two of these obtained by Mr. Brode at depths of 17 and 
25 feet near the center of the lake showed hardly any visible particles. 

(f) Color by Transmitted Light—When the 28-inch tubes were examined 
longitudinally, no appreciable color was observable in any sample. 

(g) Temperature—Temperatures were observed by Mr. Brode in col- 
lecting the samples on July 4, 1935. The surface temperature (2 inches 
below) near the center of the lake was 53°, 7 feet below the surface 52°, 17 
feet 49°, and 25 feet 49°F. In the latter part of August, 1934, the surface 
temperature had reached 60° and at the same season in 1935 a temperature 
of 64°F. was recorded. 

Scattered Light——From the foregoing description of the lake and the 
physical condition of the water it will be seen that we have there a great 
volume of comparatively pure water of great depth in a nearly static condi- 
tion and relatively free from suspended sediment or dissolved matter. 
Plate 1B is a photograph of the floor of the lake at Governor’s Cove on 
Wizard Island at a depth of about 40 feet, made with a yellow color filter 
to eliminate the blue scattered light, which gives an idea of the high trans- 
parency of the water. The color of the water where the floor becomes dis- 
tinct is like that of bluing water in the laundry. Since there is no evidence 
that the water itself has color quality, the only other explanation of the 
color is in the light scattered by the water molecules and such modification 
as reflection at the surface introduces. 

It is well known that the color of large bodies of water relatively free 
from organic matter is largely controlled by the light scattered from the 
water molecules and larger particles in suspension. The presence of plank- 
ton in ocean water produces a green color, certain forms of minute life give 
it a white appearance, forms of the copepod calanus finmarchicus in the 
north Atlantic produce a red color, certain algae make it brown, and forms 
of diatoms may produce an olive green. In the absence of these, a deep 
blue is apparent. This condition is especially noticeable in quiet water of 
considerable depth away from shore. 

Color of the Scattered Light—The character of the scattered light in 
Crater Lake water was compared with that from other sources in Pasadena 
in 1934 and at the lake itself in 1935 by concentrating the light from a 15- 
ampere carbon arc within a flask containing the specimen surrounded by 
black cloth. The character of the light scattered in the water was ex- . 
amined for all angles up to 60° from the perpendicular to the axis of the 
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beam. Comparisons were made with (a) dust-free distilled water, () or- 
dinary distilled water, (c) tap water, (d) ocean water which had been stand- 
ing at rather uniform temperature for seven years. The dust-free water 
was prepared as follows. 

Two 500-cc. Pyrex bulbs were sealed to a connecting tube with a right- 
angle exit in the middle. They were filled about two-thirds full of distilled 
water and about half of this boiled away. The exit tube was sealed off and, 
upon cooling, the bulbs and connecting tube were then under vacuum 
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PLATE 1B 


Floor of Crater Lake at Governor’s Cove on Wizard Island; depth about 40 feet. 
Enlarged (X 10) from 16-mm. motion picture taken with yellow color filter. The 
white striping is due to the lens effect of ripples on the surface. 


(vapor pressure of water). All the water was run into one bulb, which was 
then placed in a box with two 50-watt lamps. When a temperature differ- 
ence of 30°C. was maintained between the two 500-cc. bulbs, thus arranged, 
all the water would distill over into the empty bulb without ebullition in 
one day. The water was then returned to the first bulb, washing back the 
suspended matter left in the system, and the process repeated. The char- 
acter and strength of the scattered light in a beam passing through the 
water was tested at the end of each process and it was found to become a 
deep blue, the quality of which changed little after the fourth operation. 
This result is in agreement with the work of W. H. Martain.' Eight dis- 
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tillations were performed, however. Scattered light from dust-free water 
is a deep blue at all angles of view, while tap water is brilliant white at all 
angles. If sediment is present, it shows first when viewed from positions 
toward which the light is traveling, i.e., in sector A, figure 1, and, as the 
sediment increases, the whiteness works around into sector B. If tap water 
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is allowed to settle at uniform temperature for about two weeks, a blue 
color will be seen from sector B, and continued settling will approximate 
the ocean water, as in figure 4, but I have never seen it approach any 
nearer to the color of dust-free water. Apparently this state represents 
the condition where molecular agitation continually holds a minimum num- 
ber of the smaller dust particles in suspension. 











144 PHYSICS: E. PETTIT Proc. N. A. S. 


Crater Lake water is intermediate between dust-free and distilled water 
in respect to scattering and practically identical with settled ocean water 
in this respect. In figures 1 to 6, indicating the effects observed for water 
from different sources, the light is shown traveling vertically downward for 
convenience in comparing with conditions in the lake itself. 

The application of these diagrams to the actual conditions at Crater 
Lake is shown in figure 7. Here it is seen that sunlight entering the water 
is scattered at P, but refraction from water to air and the elevation of the 
observer at O conspire to project light from the deep blue favored sector B 
back to the observer. The diagram is merely schematic. 

Spectroscopic Investigations.—The spectral energy-curve of the scattered 
light was measured photographically with an F/5 u.v. glass spectrograph 
of small dispersion (100 A per mm. at 4000 A). The slit was placed close 
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FIGURE 7 


to the beam with the axis of the collimator at right angles to it. Exposures 
of 10 minutes with slits ‘/. and 1 mm. wide gave suitable spectra on East- 
man Panchromatic films. These were calibrated with an 8-step raster 
which could be put over the widened slit. Spectra were taken on the 
scattered light of the water sample. A spectrum of direct arc light was 
then put on the film in the following manner. The spectrograph was trans- 
ferred to a point 10 meters distant from the arc, and, to reduce the inten- 
sity of direct arc light further, a bulb of water placed before it spread the 
light over a circle 20 feet in diameter at the spectrograph; a frosted electric- 
light bulb close before the slit still further reduced the light to the intensity 
observed in the scattered light. Compensating pieces of clear electric- 
light bulb were used over the slit during the scattered-light exposure, and 
the light-path through the bulb of water in the direct exposure was the 
same as that in the scattered-light exposure. 
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Plate 1A shows (a) a spectrum of the iron arc with wave-length scale, 
(b) an exposure of 10 minutes to the light of the carbon arc scattered by 
Crater Lake water, (c) an exposure of 10 minutes to the direct light of the 
are after passage through the same amount of water. The relative inten- 
sities of the two spectra rather favor (c) in the red (A 0.6 u), but strongly 
favor the scattered light in the ultra-violet (A 0.39). 

TABLE 1 


INTENSITY RATIO OF SCATTERED TO Direct LIGHT IN DusT-FREE AND IN CRATER 
LAKE WATER 


Au DUST-FREE CRATER LAKE 
0.60 1.0 1.0 
0.55 1.35 1.20 
0.50 1.85 1.85 
0.45 2.80 2.80 
0.40 4.50 4.10 
0.35 6.00 6.10 


Table 1 shows the relative intensities of scattered and direct light for 
Crater Lake and dust-free water. The ratio at \ 0.6u is arbitrarily made 
unity in each case in order to simplify the comparison. ‘The rapid rise of 
the ratio in the violet region is quite striking and nearly the same. In such 
photometry the second decimal is unimportant but is added to show the 
experimental differences. 

On July 3-4-5, 1935, I saw the lake under a variety of conditions and ob- 
tained color matches which are easily reproducible. Seen from the rim 
of the crater on July 3, a very clear day, with the usual rippled surface, the 
lake was blue all over, darker at the near-by shore. A fairly good general 
match was obtained by an ordinary 50-cc. cylindrical graduate 18 cm. 
high, 2.2 cm. diameter, filled to the top with a saturated solution of copper 
sulphate and viewed vertically downward in the light of a north window 
with a sheet of white paper held at an angle of 45° close below the vessel 
so as to allow only the sky-light to illuminate it. Closer matches were 
obtained by using a porcelain beaker 5 cm. in diameter and 8 cm. deep, em- 
ployed in like manner. The color near the farther shore was matched by 
pouring the copper sulphate solution into the beaker to a depth of 18 mm., 
and the near-by water, to a depth of 44 mm. The color is not very de- 
pendent on the time of day except near sunrise or sunset, when shadows 
and brilliantly illuminated cliffs produce an effect. 

On July 4, another clear day, there was no sensible breeze; the lake was 
very quiet, without ripples, and many reflection phenomena were observed. 
At sunrise the colors seen in the lake were the reflected blue sky and the 
brown cliffs of the crater, and a deep blue in the near-by margin of the lake. 
As the sun rose, this deep blue color gradually spread toward the opposite 
(eastern) shore until at 8 A. M. it was half-way across. 
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Optical Phenomena at the Lake Surface.—At this time we went down the 
rim of the crater for a boat trip around the lake. As we approached the 
water the color became more intense until the boat was reached. After 
the boat had left the shore a few feet the color became a deep indigo and the 
water was quiet and smooth as glass. No air movement could be detected 
when the boat came to rest. I have seen the same deep indigo color in the 
San Pedro Channel near the middle, 15 miles from either shore, on a quiet 
day, the surface glassy, when the transparency of the water was much like 
that at Crater Lake. It is approximated by ammoniating a saturated 
solution of copper sulphate until the hydrate is re-dissolved in the excess 
ammonia, diluting this solution 1 to 10, and observing a 250-cc. beaker full 
on a white paper in full sunlight. 

Seen from the boat, the lake appeared to be this deep blue all over, save 
at great distances where reflection became predominant. When the water 
is rough the deep blue color, according to Brode, is intensified and extends 
practically to the shore. On cloudy days the rough water is leaden or 
slaty in color; the crests of the waves frequently show the deep blue color, 
however, while the opposite slope of a wave will have a silvery or glassy 
appearance. 

In the afternoon of July 4 cumulus clouds appeared in the sky in the 
direction of the lake and, although the lake had become rippled, their white 
and pinkish color plainly had an effect in modifying the usual blue. On 
July 5 the sky was completely overcast and leaden in hue like that which 
precedes a snow storm. The lake was rippled but of a slaty color, bluish 
nearby. 

In any event the predominant color of the lake is due to multiple scatter- 
ing of light by the water molecules. Superimposed upon this is the reflec- 
tion of sky, clouds and crater walls. On a clear day, with rippled surface, 
the reflection phenomena are entirely submerged by the scattered light. 
If the sky is overcast, the only light the lake receives is from the clouds; 
hence the color is predominately gray. With a glassy surface on a clear 
day, the reflection phenomena may predominate, depending on the posi- 
tion of the observer. The deepening of the color as one approaches the 
lake is probably due to the fact that at a distance the weaker multiple 
scattered light, which is the bluest in color, is lost by atmospheric interfer- 
ence and by addition of extraneous light, while at the water surface it has 
its full effect. It should be remembered that the distant shore of Crater 
Lake is seen through an amount of air approximately equivalent to the en- 
tire atmosphere of the earth in a vertical direction. 


* An investigation initiated by the Committee of the National Academy on Scientific 
Problems in National Parks. ; 
1 J. Phys. Chem., 24, 478 (1920). 
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THE VISUAL CYCLE AND PROTEIN DENATURATION 
By A. E. Mirsxy* 


GaTEs CHEMICAL LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated December 28, 1935 


If recent advances in knowledge of visual purple are examined in the 
light of our present understanding of protein denaturation, it is perhaps pos- 
sible to perceive what chemical reaction takes place, when light strikes the 
retina. In this paper it is shown that there is evidence indicating that light 
denatures a conjugated protein, visual purple, and that denaturation re- 
verses in the dark. 

It has been known for over fifty years that visual purple plays a réle in 
vision. Light bleaches visual purple, converting it into visual yellow, in 
both the intact eye and the excised retina. In the dark visual purple re- 
appears. The rate of bleaching varies with the wave-length of the inci- 
dent light, and it has been observed that the curve relating rate of bleach- 
ing of visual purple to wave-length is almost identical with the curve re- 
lating luminosity to wave-length in the dark-adapted eye.” 

It has also long been known that visual purple is a colloid. Wald* has 
collected the evidence indicating that it is a conjugated protein. All of 
this evidence is concerned with one of the most characteristic protein prop- 
erties, denaturation. The exceedingly varied agents that cause protein 
denaturation also result in the destruction of visual purple, so that it would 
appear that visual purple is a protein. 

Before proceeding with the discussion of visual purple some of the prop- 
erties of other conjugated proteins will be considered. Of these hemo- 
globin is the best understood. The denaturation of hemoglobin is com- 
pletely and readily reversible.“® The denaturation of globin is also re- 
versible.6 If heme is added to native globin, hemoglobin is formed; if it 
is added to denatured globin, hemochromogen or parahematin (the re- 
duced and oxidized forms of denatured hemoglobin) is formed. In de- 
natured hemoglobin it is possible to demonstrate an equilibrium between 
the conjugated protein on one side and globin and free heme on the other.”* 
In native hemoglobin if there is such an equilibrium, it is shifted entirely 
to the side of the conjugated protein. Since the bond between denatured 
globin and heme is much looser than that between native globin and heme, 
it is necessary to denature hemoglobin in order to separate heme and globin. 
Native hemoglobin “> denatured hemoglobin “<> denatured globin+ heme 

(hemochromogen or 
parahematin) 

Recently another conjugated protein, the “yellow ferment” of Warburg, 
has been the subject of a brilliant investigation by Theorell.? In this sub- 
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stance a protein is joined to a yellow pigment, a flavine. Experiments es- 
sentially similar to those on hemoglobin have been performed. The bond 
between denatured protein and flavine appears to be much looser than that 
between native protein and flavine, so that the method of separating pro- 
tein and pigment involves the denaturation of the protein. In view of the 
closely analogous experiments on hemoglobin the conclusion is justified 
that the ferment is reconstituted only when the flavine is joined to protein 
the denaturation of which has been reversed. 

The experiments on hemoglobin and the ‘‘yellow ferment’’ demonstrate 
that in these conjugated proteins the bond between protein and prosthetic 
group is much weaker when the protein is denatured than when it is native. 
Separation of the two components of the conjugated protein involves de- 
naturation, and reconstitution of the original conjugated protein requires 
reversal of denaturation. Reversal of denaturation has also been observed 
in serum albumin” and trypsin.!!!2_ A careful study of protein denatura- 
tion has shown that it is a definite chemical reaction and not a vague disin- 
tegration of the protein.'* 

Returning to visual purple, and in particular to the important recent 
experiments of Wald,’ it will be apparent that our knowledge of hemoglobin 
and the ‘‘yellow ferment’’ is applicable to this conjugated protein. Wald 
has shown that the pigment in visual yellow, retinene, is a carotene-like 
substance and that it is convertible into the well-known carotene, vitamine 
A. In visual purple the pigment is very firmly attached to protein, but in 
visual yellow retinene is loosely held (if, indeed, it is bound at all) and can 
be readily separated from protein. Retinene can be prepared from visual 
purple only after the action of light or of a denaturing agent such as chloro- 
form. The behavior of visual purple resembles that of other conjugated 
proteins in which a carotene is the prosthetic group. In all of these con- 
jugated proteins the color of the native complex varies from purple to 
green, and that of the denatured complex varies from red to yellow. In 
each case the prosthetic group is firmly bound by native protein, loosely 
bound by denatured protein. The carotenoid-proteins in this respect re- 
semble hemoglobin and the ‘‘yellow ferment.” All these facts have led 
me to the conclusion that visual yellow is the denatured form of visual 
purple. Light denatures visual purple, thereby causing its color to change 
from purple to yellow. In the dark, denaturation reverses. 

light 
Native visual purple <> denatured visual purple —— denatured protein + 
dark (visual yellow) 


' retinene. 
The function of retinene in visual purple is to provide an increased ab- 
sorption coefficient in the visible, to sensitize the protein. The protein 
itself differs from other proteins in having a lower energy of activation, so 
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that it is denaturizable by a quantum of visible light, whereas other pro- 
teins require a quantum of ultra-violet light to be denatured. The ab- 
sorption band of visual purple has a maximum in the visible spectrum at 
about 5300 A.U. At this wave-length one quantum contains 53,700 calo- 
ries. Proteins possess several absorption bands in the ultra-violet, that 
of longest wave-length being at 2800 A.U., at which wave-length a quantum 
contains 101,700 calories. The temperature coefficient of denaturation 
of egg albumin and of many other proteins is about 600 for an interval of 
ten degrees. This corresponds to an energy of activation of approximately 
150,000 calories per mole. A quantum of light at 2800 A.U. is insufficient 
to activate egg albumin, and experiment shows that some heat, in addition 
to the light, is needed to coagulate egg albumin after it has been radi- 
ated.'*45 A quantum of light at 5300 A.U. would contain far too little 
energy to activate egg albumin. This difficulty does not, however, exist 
in the case of visual purple because when it is denatured by heat the energy 
of activation is only about 75,000 calories per mole,* a value not widely 
different from the energy content of a light quantum at 5300 A.U. 

This paper has been concerned with the primary effect of light on the 
retina rather than with the way in which an impulse is conveyed to the 
nerve endings. Since the two processes are intimately related, it may be 
noted that the difficulty of extracting visual purple (it can be dissolved in 
bile salts only) suggests that it forms part of the actual structure of the rods 
of the retina and its denaturation might therefore have a direct effect on the 
configuration of the nerve ending. 

Conclusion.—In vision at low illuminations light denatures visual purple 
in the retina. Denaturation reverses in the dark. 

I am much indebted to Professor Linus Pauling for the discussions we 
have had. 


* On leave of absence from the Hospital of the Rockefeller Institute, New York. 
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